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Peer effect estimation requires precise network measurement, yet most empiri-
cal networks are noisy, rendering standard estimators inconsistent. To address
measurement error in networks, we propose a method to estimate peer ef-
fects in networks whose expected adjacency matrix is low-rank. Our key re-
sult shows that peer effects over a true unobserved network are asymptotically
equivalent to peer effects over the expected adjacency matrix. This result re-
duces peer effect estimation in noisy networks to low-rank matrix estimation
targeting the expected adjacency matrix. We develop our theory for weighted
networks observed with additive noise, but the approach can be applied when-
ever there is a low-rank estimation method suited to the noise structure. We
demonstrate via simulations that our approach applies to egocentric samples,
aggregated relational data, and networks with missing edges, each requiring
a different low-rank estimation method.

1 Introduction

One of the fundamental challenges in estimating social effects, such as contagion, is mea-
suring and quantifying friendships in a reliable manner. These measurement issues pose
a fundamental problem, as most current techniques to estimate peer effects in social net-
works rely on data that precisely encodes potential social dependencies. For instance, in
the social sciences, a popular approach is to use the “name generator” method, where
each study participant is asked to name their friends or other social ties. This method is
replete with complications: participants report different friends depending on the pre-
cise language of the name generator (Shakya, Christakis, and Fowler, 2017; Bidart and
Charbonneau, 2011), participants often forget day-to-day social contacts (Smieszek et al.,
2012), and reports from different participants can disagree (De Bacco et al., 2021).



When friendship measurements are noisy, traditional peer effect estimation runs into a
dilemma. Standard network autoregressive models assume that we observe a true, noise-
less network, which precisely encodes pathways for peer influence. However, if we only
observe a network via noisy measurement, these estimators may produce inconsistent
or misleading results. We propose a solution to this problem: replace noisy measure-
ments of adjacency matrices with smoothed, de-noised estimates of network structure.
Our approach is motivated by a key theoretical insight: under low-rank network models,
contagion over a true, noiseless network is asymptotically equivalent to contagion over a
smoothed, latent adjacency matrix.

To formalize matters, let us consider two network autoregressive models. The first
is a standard peer contagion model, where influence operates over the degree-normalized
adjacency matrix:

A
Y; = Bo+ Wiy + XiBx + By ; d_l-Yj + & (1)
JF1
where Y is an outcome for node i, W; are observed covariates, X; is a latent vector encoding
the behavior of node 7, A;; € R is the strength of the edge between nodes i and j, and
d; = Z]. A;; is the degree of node i. The second model is a latent contagion model, where

influence operates over a smoothed, expected adjacency matrix:
E|Ay|X]
Y; =6y + W;0,, + X0, + 0 —

i 0 iYw iYx y; ]E[dilxi]

Under arandom dot product graph (RDPG; Athreya et al., 2018) model, where E [Aij | X] =

X/ X;, influence is inversely proportional to the cosine distance between nodes in latent
space. We develop two-stage least squares estimators for both of these models, and prove
that they are consistent under misspecification. That is, estimators derived under the la-
tent contagion model consistently recover peer contagion parameters when the true data
generating process follows the peer contagion model, and vice versa. In a formal and
quantifiable sense, contagion in peer and latent spaces are (asymptotically) equivalent
under a random dot product graph model.

This equivalence has important practical implications. The latent contagion estima-
tors we propose are functions of the nodal covariates and the latent positions X, but not
the adjacency matrix A itself. This means that even when A is observed with noise, our
estimators remain consistent provided we can obtain a sufficiently good estimate X of X.
Crucially, in random dot product graphs, it is often possible to obtain high-quality esti-
mates of X even when the network is observed with measurement error or when data is
missing. We leverage standard tools from spectral network analysis—specifically, the ad-
jacency spectral embedding—to estimate latent positions. Under a sub-gamma network
model, which includes binary, weighted, and count-valued networks as special cases, we
show that our estimators achieve v convergence rates and are asymptotically normal.
Since these results hold when the observed network contains sub-gamma noise, this en-
able inference when network measurements are corrupted by random errors. The flexibil-
ity of our approach extends beyond the specific case of sub-gamma noise. While we focus
on this setting in our theoretical results, the latent contagion framework opens the door
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to a wide range of robust estimation strategies. Any method that can reliably estimate the
low-rank structure of E[A]—whether through matrix completion for missing data, debi-
asing for measurement error, or other spectral methods—can be combined with our latent
contagion model to estimate peer effects in challenging data settings. We demonstrate this
flexibility through simulations and an empirical application studying the contagiousness
of smoking in an adolescent social network.

Notation

For a positive integer n, we let [n] = {1,2,...,n}. We denote the identity matrix, zero
matrix, and the square matrix of all ones by I, 0, and J, respectively. For an 17 x n, matrix
H, we denote by H,; the column vector formed by the j-th column of H; and we denote
by H;. the row vector formed by the i-th row of H. For a slight abuse of notation, we also
let H; € R"2 denote the column vector formed by transposing the i-th row of H, that
is, H; = (H;.)". Given any suitably specified ordering on eigenvalues of a square matrix
H, we let A;(H) denote the i-th eigenvalue (under such an ordering) of H and ¢;(H) the
i-th singular value of H. We let |[H| denote the spectral norm of H and |H| denote the
Frobenius norm. We let [|H||5_, ., denote the maximum of the Euclidean norms of the rows
of H, so that [H|l,_,., = max;|H;||. We denote matrix sequences by H,,, and row vectors by
H;. When referring to the i-th row of a matrix H,,, we write (H,,);. We use standard Landau
notation for asymptotic rates. Throughout, C > 0 will denote a constant independent of n
that may change from line to line.

2 Related work

Our work builds on several strands of literature. Most directly related are previous works
that model contagion in latent spaces. Sweet and Adhikari (2020) suggested a Hoff model
for social influence in a latent space, while Chen, Fan, and Zhu (2023) model correlations
between stock returns via the latent space of a stochastic blockmodel in a high-dimensional
time series setting. A large literature studies network autoregressions with endogeneity,
where the network depends on nodal features. Hayes and Levin (2025) considers iden-
tification and asymptotic signal-to-noise ratios in network autoregression models. Mc-
Fowland and Shalizi (2021) establishes consistency of ordinary least squares in network
autoregression models unrolled in time, which Chang and Paul (2024) extends to show
asymptotic normality in the longitudinal setting. Paul, Nath, and Warren (2022) presents
a network autoregressive model that accounts for estimation error in latent positions, but
not in the network itself, considering a quasi-maximum likelihood estimator very simi-
lar to ours. Johnsson and Moon (2019) proposes a non-parametric approach to account
for endogeneity in cross-sectional networks using sieve estimators, and Egami and Tchet-
gen Tchetgen (2021) proposes a generalized method of moments estimator using double
negative controls to account for contextual effects and homophily.

Most relevant to our focus on measurement error is a growing literature on linear-in-
means models with network mismeasurement. Griffith (2022) and Griffith and J. Kim
(2024) consider bias when individuals are capped at reporting a maximum number of
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friends. Boucheron, Lugosi, and Massart (2013) considers linear-in-means models when
only partial network data is available but the network distribution is known. Lewbel, Qu,
and Tang (2024b) shows that two-stage least squares estimators remain consistent under
small amounts of network mismeasurement, while Lewbel, Qu, and Tang (2024a) pro-
poses an adjustment for larger amounts of measurement error. Wenrui Li, Sussman, and
Kolaczyk (2022) shows how multiple measurements of a network can be used to estimate
and adjust for measurement error rates. Zhang (2024) presents an estimator for mismea-
sured networks with bounded degrees, and Wei Li, Chakraborty, and Lunde (2025) con-
siders ordinary least squares with peer effects under misspecification.

Related work on causal inference with network misspecification includes Sévje (2024),
which considers causal estimation when exposure maps are misspecified, and Hardy et al.
(2024), who propose a mixture model over potentially misspecified treatments in linear-
in-means models. These works highlight the close relationship between misspecified treat-
ments and mismeasured networks, which can be thought of as conceptual duals. Lewbel,
Qu, and Tang (2023) and C. L. Yu et al. (2022) consider estimating spillover effects when
the network is entirely unobserved. Spohn, Henckel, and Maathuis (2023), Chin (2019),
and Leung (2022) similarly consider linear models for causal interference.

Finally, our work connects to the broader literature on network autoregressive models.
LeSage and Pace (2009, Chapter 2) describe how the typical marginal effect interpreta-
tion does not apply to linear-in-means models due to non-linearity, and present methods
to compute impact scores that retain this interpretation. Vazquez-Bare (2023) discusses
when coefficients have a causal interpretation (see also Leung 2022; McFowland and Shal-
izi 2021). Estimation approaches are given by Ord (1975), Harry H Kelejian and Ingmar
R Prucha (1998), Lee (2002), Lee (2003), Lee (2004), Harry H. Kelejian and Ingmar R.
Prucha (2007), Lee, Liu, and Lin (2010), Su (2012), Drukker, Egger, and Ingmar R. Prucha
(2013), and Lin and Lee (2010) and surveyed in Bivand, Millo, and Piras (2021). Key iden-
tification results were given by Bramoullé, Djebbari, and Fortin (2009), and Bramoullé,
Dijebbari, and Fortin (2020) surveys identification in network autoregressive and linear-
in-means models.

3 Models and Estimators

In this section, we formalize two network autoregressive models for peer influence: a stan-
dard peer contagion model and our proposed latent contagion model. We then develop
two-stage least squares estimators for both models, and establish our main theoretical re-
sults showing that these estimators remain consistent under model misspecification.

3.1 Setup

Consider a network with 7 nodes encoded by a symmetric adjacency matrix A € R™".
For each node i € [n], we observe an outcome Y; € R and covariates W; € R”. We
assume each node has an unobserved latent position X; € R? that governs how node i
forms connections to other nodes. Let d; = Z]. i |A1-]~| denote the degree of node i. While

our development focuses on undirected networks with symmetric adjacency matrices, the
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framework extends naturally to directed networks. For notational convenience, we define
D = diag(dq,d5, ..., d,) and the degree-normalized adjacency matrix G = D 1A € R™",
If node i is isolated with d; = 0, we set G;. = 0. Similarly, in the latent space, we define
P=E[A|X],d = Y, P = E[d;|X;], D = diag(dy, ...,d,),and G = D™1P € R™",

3.2 Two Models of Contagion
We now present two complementary specifications for how peer influence propagates

through social networks.

Peer contagion model. The first specification is a standard spatial autoregressive model
adapted to networks via latent positions:

Y;=Bo+ Wiy + XiBx+ By ) %Yi +¢; (3)
jE
Y= (I1-B,G) (1,0 + WB,, + XBy +¢) (4)

Here, B, € R measures how peer outcomes influence focal outcomes through the ob-
served network structure. The latent positions X; model homophily, which is crucial for
both statistical identification (Hayes and Levin, 2025) and causal inference (Shalizi and
Thomas, 2011). We call this the peer contagion model because influence operates over the
degree-normalized adjacency matrix G.

Latent contagion model. Our proposed alternative replaces the observed adjacency ma-
trix with its conditional expectation:

E[A|X]
Yi = 90 + WZ-BW + XZ-BX + 9y Z WY] + &; (5)
i
~\ —1
Y= (I-6,G) (1,60 + W0, + X6, +¢) (6)

Under a random dot product graph model, where E [Ai]- | X, Xj] =X/ X;, the latent conta-
gion model takes a particularly interpretable form:

X7 X,

Yi:90+Wi6W+Xi0X+9yZm
ki

J#i

In this specification, peer influence is inversely proportional to the cosine distance between
nodes in latent space. All pairs of nodes exert influence on one another, with the strength
of influence determined by latent proximity rather than the realization of individual edges.
The latent contagion model reflects a fundamentally different view of social influence:
rather than contagion traveling along realized edges, it diffuses based on the propensity
for connection. Nodes close in latent space exert strong influence regardless of whether a
specific edge forms, while distant nodes exert negligible influence.
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Both the peer and latent contagion models require a stochastic model for how the net-
work A is generated. We adopt a flexible sub-gamma framework that encompasses binary;,
weighted, and count-valued networks.

Definition 1 (Sub-gamma network model). Let A € R be a random symmetric matrix.
Let P = E[A|X] be the expectation of A conditional on X & R"™4 which has independent
and identically distributed rows Xy, ..., X,,. Assume P has rank 4 and is positive semi-
definite with eigenvalues sy > s, > -+ > s5 > 0 = s;,; = -+ = s,,. Conditional on
X, the upper-triangular elements of A — P are independent (v,,, b,,)-sub-gamma random
variables.

The sub-gamma family is broad, including Bernoulli, Poisson, Exponential, Gamma,
and Gaussian distributions, as well as all bounded distributions (Boucheron, Lugosi, and
Massart, 2013; Vershynin, 2020). We provide a formal definition of sub-gamma random
variables along with a handful of related technical results in Appendix A. The generality
of this framework allows us to handle diverse edge types: binary friendships, weighted
interaction frequencies, or count-valued communication volumes. As a consequence of
this generality, our results require a comparatively high network density; in parallel work
we show density requirements are less stringent in binary networks.

3.3 Identification

Identification in spatial autoregressive models is subtle, due to their conditional specifi-
cation via Y; | Y_;, W, X, A. The model can equivalently be written in its total law form
(Equations 4 and 6), as is standard in the Markov random field literature (Besag, 1974;
Rue, 2005).

Lemma 1. If |8 < 1, then I — BG is invertible with all eigenvalues in the interval (1 — B,1+ B).

Proof. Since G = D™!A is row stochastic, all its eigenvalues have absolute value at most
1 by the Gershgorin circle theorem. Therefore, all eigenvalues of BG have absolute value
at most |B|, implying all eigenvalues of I — BG lie in 1 4+  and are bounded away from
zero. O

The following identification result is crucial for both models.

Lemma 2 (Martellosio 2022). Consider a network with fixed n nodes. For the peer contagion
model (4), suppose E[e | W,X,G] = 0 and ‘ﬁy| < 1. Then By, Bw,Bx, By are identified if and
only if

rank [1, W X GW GX] > rank [1, W X]

An analogous result holds for the latent contagion model (6) with G replacing G, under the addi-
tional assumption that that d > 2, which rules out collinearity between X and GX.

Remark 1. The latent positions X are only identified up to an orthogonal transformation Q,
which implies B, is also only identified up to Q (Hayes and Levin, 2025). In some models,
1,, may lie in the column space of X, in which case the intercept should be dropped.



Remark 2. Linear-in-means models can suffer from asymptotic degeneracy when GY (or
GY) becomes collinear with [1, W X], leading to parameters that are identified but in-
estimable (Hayes and Levin, 2025). We assume throughout that the network structure
prevents such degeneracy. For random dot product graphs, this requires either sufficient
sparsity to prevent concentration of GY around its expectation, or sufficient degree het-
erogeneity to ensure linear independence. See Example 4 of Hayes and Levin (2025) for
details.

3.4 Estimators

To construct feasible estimators, we require an estimate X of the latent positions X. We
use the adjacency spectral embedding (Sussman, Minh Tang, and Priebe, 2014), a spectral
estimate appropriate both for precisely observed networks and networks observed with
additive noise. Other types of measurement error will require distinct estimators of X; we
leave detailed investigation of these other settings to future work.

Definition 2 (Adjacency spectral embedding). Given a network A, the d-dimensional ad-
jacency spectral embedding is X = USY2 € R™4, where USVT is the rank-d truncated
singular value decomposition of A.

The adjacency spectral embedding provides a consistent estimate of X under mild spar-
sity conditions (Athreya et al., 2018).

Lemma 3 (Levin, Athreya, et al. 2019). Under suitable reqularity conditions, there exists a d xd
orthogonal matrix Q such that

max”Q/)\(i — Xi” =0, (1).

i€[n]
We now define plug-in estimators that replace X with X wherever it appears.

Definition 3 (Peer contagion estimator). Let Z = [1, WX Gy] € R™¥*¥+2 and H =
[WX GW GX G?W G?2X] € R™GP39) Let M = H(H"H) 'H' denote the projection
matrix onto the column space of H. Then we define our peer contagion estimator accord-
ing to

B = (ZTMZ)~'Z™My. (8)

For the latent contagion estimator, we construct P =XXT, cfl = Z]. P, D= diag(dAl, e, Jn ),

ijs
and

G =D 'P e R™". (9)
Definition 4 (Latent contagion estimator). Let Z = [1, W X Gy| € R™¥ +4+2) and H =
[WX GW GX G?W G2X] € RGP et M = H(H"H) 'H' denote the projection
matrix onto the column space of H. Then our latent contagion estimator is given by

6 = (ZT™MZ)-1ZTMy. (10)

In some cases, H and H will have collinear columns; any subset of columns with rank
p + d + 1 or greater is sufficient for identification (see Bramoullé, Djebbari, and Fortin,
2009, for details on the construction of the instruments matrix).
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3.5 Main Results

We begin with some preliminary theoretical results, which show that under correctly-
specified models, peer and latent contagion models that adjust for latent positions can be
estimated by plugging in X as an estimate for X. These results shows that it is possible
to distinguish between localized effects on a network, as parameterized by g, and 0,, and
diffusions, as parameterized by g, and 6, .

Theorem 1 (Peer contagion estimators under peer contagion). Suppose the data are generated
according to peer contagion as in Equation (4) and A follows a sub-gamma model as in Definition 1.
Under Assumptions 1, 2, 3, and 5, detailed in the Appendix, there exists a sequence of orthogonal
matrices Qy € RPHA+2x(p+d+2) o chy that

(QuB - B) - N(0.5)
where B = (Bo, BBy, By) -

Theorem 2 (Latent contagion estimators under latent contagion). Suppose the data are gen-
erated according to latent contagion as in Equation (6) and A follows a sub-gamma model as in
Definition 1. Under Assumptions 1, 2, 3, 4, and 6, detailed in the Appendix, there exists a sequence
of orthogonal matrices Qz € R P+a+2xp+d+2) gycpy that

Vi1(Qz0 — 0) — N(0,%g),
where 6 = (0,, 0y, 04, Gy)T.
Our central theoretical contribution establishes that estimators derived under one model

remain consistent when the true data generating process follows the other model. This
equivalence holds under random dot product graphs.

Theorem 3 (Latent contagion estimators under peer contagion). Suppose the data are gen-
erated according to peer contagion as in Equation (4) but we use latent contagion estimators
from Definition 4. Suppose A follows a sub-gamma model as in Definition 1. Under Assump-
tions 1, 2, 3, 4 and 5, detailed in the Appendix, there exists a sequence of orthogonal matrices
Qy € RPHA+2x(p+d+2) oy chy that

Vii(Qz0 — B) — N(0,Zy).

Theorem 4 (Peer contagion estimators under latent contagion). Suppose the data are gen-
erated according to latent contagion as in Equation (6) but we use peer contagion estimators
from Definition 3. Suppose A follows a sub-gamma model as in Definition 1. Under Assump-

tions 1, 2, 3 and 6, detailed in the Appendix, there exists a sequence of orthogonal matrices Q7 €
R (P+a+2)x(p+d+2) g1\l that

Vi(Qzf - 0) » N(0,%).

The proceeding two theorems establish that ordinary least squares and two-stage least
squares estimators for peer effects in the peer and latent contagion models are both con-
sistent and asymptotically normal estimators.
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Proofs of Theorems 1, 2, 3 and 4 can be found in the Appendix. The general proof
strategy is to show that § and @ are close to “oracle” estimates based on using the true
latent positions. Appendix H discusses convergence of these oracle estimators to the true
parameters. Appendices I and ] show convergence of our estimators defined above to
these oracle estimators.

We are, in fact, able to generalize these results to a statement about asymptotic equiva-
lence of the corresponding functionals. Recall that the popular design matrices of the peer
and latent contagion models are, respectively,

Z=[1,WXGy] and Z=[1, WX Gy.]. (11)

Consider the corresponding “projection parameters”, or the population coefficients corre-
sponding to projection of outcomes onto these design matrices, and letting F be an appro-
priately supported cumulative distribution function (see Wei Li, Chakraborty, and Lunde
2025 for a discussion of these parameters in the network regression context),

T(F) = argmin E;[ (Y — Zb)*] = Ef[Z7Z] ' Ef[Z7Y], and (12)
b
Ef[ZTY]. (13)

Let F; denote the law of the peer contagion process and F, the law of the latent contagion
B p glon p 0 g
process. When the expectation is taken with respect to the true generating process, the
projection parameters simplify to the corresponding regression coefficients. Letting E B
denote expectations under F; and E, denote expectations under Fy,
p B 6 p 6

T(Fy) = Bg[Z27Z] 'Ey[Z7E,[Y|2]] = Bg[Z27Z] 'E4[27Z] =B, and 14)
T(Fp) = Bo[ZTZ] ' EBo[ZTE,[Y|Z]] = Eo[ZTZ] 'Eo[Z7Z0)] = 0.

These projection parameters are not, in general, equal under the latent and peer contagion
models. However, fixing either the peer or latent contagion model, the following theorem
shows that they are asymptotically equivalent, in the sense that the difference between the

two parameters is negligible relative to the typical estimation error.

Theorem 5. Under Assumptions 6, 7, 8 and 9, and supposing the latent contagion model in Equa-
tion (6) holds, then

IZ(Fg) = T(Fo)ll = 18 — T(Fo)l| = [Eg[Z7Z] " Eg[ZTY] — Eg[Z7Z] " Eq[Z7Y]| = 0on'1).

If the peer contagion model in Equation (4) holds instead of the model in Equation (6), then, with
Assumption 5 in place of Assumption 6,

[eEp) — 2Ep)| = | B— 2Fp)| = |Eg[27Z] " Eg[Z27Y] - Ey[Z7Z] " E[Z7Y]| = 0tn7V2).

A proof can be found in Appendix F. In the above theorem, we use the “assumption
lean” representation of regression coefficients, or the “projection estimands”, which are
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the definitions of T and 7 given in (12) and (13), respectively. These parameters are non-
parametric. That is, T is a projection parameter that one might want to estimate even
if the true data generating model is the peer contagion model and 8 does not index the
generating model, such that 6 is undefined. The key idea of Theorem 5 is that the true
parameter and the projection parameter are within parametric estimation error of one
another, so they are functionally indistinguishable in the asymptotic limit.

This result has substantial implications for estimating contagion effects in noisy net-
works. Suppose that outcomes are generated according to the peer contagion model in
Equation (3), but the network A is unobserved and one only has access to a noisy variant
N. In this case, treating N as the true network and plugging it into typical estimators such
as B will ignore measurement error in N and typically lead to inconsistent estimation,
amongst other issues. In particular, it is challenging to target the parameter 8, because
this requires projecting onto Z, which is a function of an unknown network A. Theorem 5,
however, suggests a path forward: we can instead target the parameter 7, which does not
equal B, but is functionally indistinguishable. Crucially, to estimate T we do not need to
project outcomes onto Z, but rather onto Z, depends on the low-rank expectation P rather
than the precise network A. This is a substantially easier task: we do not need A proper,
only its principal subspace. And, conveniently, given a noisy observation of a network N,
there are many off-the-shelf methods to estimate the principal subspace of A.

This leads to a potentially generic recipe for estimating contagion effects in noisy net-
works: find a subspace estimator tailored to the noise process, and target 7 using an es-
timator like . The variance of the corresponding estimator will depend on how fast the
subspace estimator converges. For sufficiently fast estimators, such as the adjacency spec-
tral embedding, there is no asymptotic variance penalty due to estimating the principal
subspace. In fact, this approach and our results thus far are sufficient to develop an esti-
mator for contagion effects in noisy weighted networks. Suppose that N = A + E, where
E is mean-zero sub-gamma noise. In this case, N still satisfies the assumptions of the sub-
gamma network model (Definition 1), and thus the adjacency spectral embedding is still
a consistent estimator of the principal subspace of A, with only a slight adjustment to
the sub-gamma parameters in the convergence rate. Thus, § immediately accommodates
sub-gamma noise in the adjacency matrices.

Figure 1 offers some visual intuition for the generic nature of the network smoothing
strategy, showing estimates of P obtained from networks with various types of corruption.
Even when 10% of edges are missing, matrix completion methods produce estimates P
that closely approximate the true latent structure. In the subsequent section, we provide
evidence via simulations that network smoothing is a viable strategy to estimate contagion
in networks with missing edges, in ego-centrically sampled networks, and in networks
where only aggregated relational data is available.

4 Simulation study
We now verify via simulation that 8 and B are consistent and asymptotically normal esti-

mates of contagion effects (Fig. 2), and that they obtain the expected n71/2 convergence
rate predicted by our theoretical results. All networks in our simulations below are gener-
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Figure 1: Adjacency matrices, corresponding expectations, and estimated expectations
for observed network data corresponding to the same underlying population structure in
a random dot product graph, as well as various estimates of the latent structure, based
on the adjacency spectral embedding in the left and middle columns, and nuclear-norm
based matrix completion in the right column. Blue entries in the right column indicate
unobserved entries of A.
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Figure 2: Monte Carlo estimates of mean squared error of 8, and 8. The average degree in
these simulations is n3/4.

ated from a Poisson degree-corrected stochastic blockmodel (Definition 5) with n nodes
and five equally probable blocks.

Definition 5 (Poisson Degree-Corrected Stochastic Blockmodel). The Poisson degree-corrected
stochastic blockmodel (Rohe et al., 2018; Karrer and Newman, 2011) is an undirected
model of community membership, with d communities. Eachnode, indexedbyi =1,2,...,n,
isassigned ablockz; € {1,2, ...,d} with probability Pr(z; = k) = 71}, and a degree-correction
parameter ¢;, which describes the propensity of vertex i to connect with other nodes. Con-
ditional on block memberships and degree-correction parameters, edges are generated
independently between every pair of vertices in the network according to a Poisson dis-
tribution. The expected number of edges between two vertices depends on their com-
munity memberships, their degree correction parameters, a positive semi-definite matrix

B € [0,1]%* of inter-block edge formation probabilities, and a scaling factor p,, € [0,1],
which may vary with n. That is,

]E[Al] =1 |Zi/ Z]‘, gl" 5]] = Pn gl‘BZj/Z]‘é}"

For our simulation study, we take there to be d = 5 blocks, and sample diagonal el-
ements of B from a Uniform(0.75,0.85) distribution and off-diagonal elements of B from
a Uniform(0.01,0.05) distribution, such that networks are strongly assortatively, mostly
forming edges within blocks. We sample degree correction parameters according to &; ~
Exponential(1/3) + 1. Shifting the distribution of {; away from zero limits the num-
ber of isolated nodes. The sparsity parameter p,, is set so that the expected mean de-
gree of the network is 73/4,11/2 or n!'/4. Once we have generated these parameters, we

12



compute X = US!/2 where USU" is the eigendecomposition of the low-rank expecta-
tion E[A|zq,2y,...,2,,0]. Errors € are sampled from a standard normal distribution, and
we include three covariates W;, W5, W3, also sampled from a standard normal. We set
Bo =16 =0p, =06, =028, =06,=(55>5) and B, =6, =(2,2,2,2,2). ThenY is
generated according to eq. (4) and eq. (6), respectively.

For both models, we compute ,l; and 6, and measure the estimation error to the cor-
responding model coefficients. Since B, is only identified up to orthogonal rotation, we
Procrustes align X with X to investigate recover of B, (we set 8y = 6, = 0 to simplify this
Procrustes alignment). In our experiments, we vary the sample size n (i.e., the number of
vertices) on a logarithmic scale, considering n € {100, 163, 264, 430, 698, 1135, 1845, 3000},
and replicate our experiments 100 times for each simulation setting. Figure 2 shows the
mean squared error of the estimated coefficients as a function of the number of nodes.
Mean squared error for 8 and B decreases at n~1/2 rates in both the latent and peer conta-
gion models, exactly as dictated by our theory.

4.1 Noisy networks

We additionally investigate how network smoothing performs when the network is mis-
measured. We consider the exact same simulation setting as before, but now observe a
noisy adjacency matrix N rather than A. We consider estimators 6. In some cases, we
use an alternative estimator of the singular vectors U and singular values S that is more
appropriate for the particular noise process. We consider the following noise processes
and corresponding estimators. In the first four cases, existing estimators are capable of
recovering the singular values and singular vectors of P. In the last two settings, we are
unaware of principal subspace estimators, and expect difficulties with estimation.

1. Baseline: N = A and U and S are estimated via singular value decomposition of
N, as in 0. The estimated singular vectors and values are simply substituted for the
relevant population quantities during estimation: X = US, P = USU", d, = ¥’ i P
and G = D 'P.

2. Gaussian noise: N;; = A;; + ¢;; where ¢;; is i.i.d N(0,¢?) noise and ¢? = 0.1. U and
S are again estimated via singular value decomposition of N.

3. Missing edges: N = A, except 30% of entries of N are missing at random, with miss-
ingness independent of the network. U and S are estimated via matrix completion,
in particular the AdaptiveImpute algorithm of Cho, D. Kim, and Rohe (2019). Esti-
mated singular values and vectors are plugged in as the baseline case to construct
estimates of P and G.

4. Aggregated relational data: N = AW where W are traits (also observed) that are
correlated with latent X. W has the same dimensions as X, and each column of W
is sampled from a multivariate normal distribution with correlation 0.8 to the corre-
sponding column of X. In the aggregated relational data setting, U is estimated by
the left singular vectors of N, denoted U. Sis then estimated via UTYWTUUTWW'U) !,
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and these estimates are used as plug-in estimates in the usual way. Theory and mo-
tivation for these estimators is under development in forthcoming work by Hayes,
Chandrasekhar, McCormick and Breza.

5. Ego-centric data: In ego-centric sampling, half of the nodes in the network are se-
lected at random, and only edges incident to those nodes are observed. Unobserved
edges are imputed using Algorithm 1 of Chan and T. Li (2023), and then P is esti-
mated via the full matrix recovery technique presented in the same manuscript.

6. Degree capped: N is a censored version of A, where, for each node i, at most twenty
edges incident to i are available. When d; > 20, edges indicent to i are removed
uniformly at randomly until i only has twenty incident edges. U and S are estimated
via singular value decomposition of N.

7. Edges flipped: N is a version of A when 15% of edges in the network have been
flipped. To preserve the total number of edges in the network, this is implemented
via random edge swapping, where 15% of edges in the network are swapped with
a random edge with different edge value. U and S are estimated via singular value
decomposition of N.

The results of these simulations are in Figure 3, which compares mean squared error
for B, and 6, when using the estimates of X and G defined above. We see that the net-
work smoothing approach is able to recover both S, and 6, in where A is contaminated
with Gaussian noise, when A has missing edges, and when only an aggregated relational
data variant of A is observed. This matches our expectations that consistent estimation
of peer effects is possible whenever principal subspace estimation is possible. However,
under degree censoring and edge flip noise mechanisms, principal subspace estimation is
challenging and the singular value decomposition is a poor estimator, such that g, and 6,
cannot be recovered.

4.2 Sparsity

We additionally investigate how 8 and B perform in sparser, correctly observed networks.
In Figure 4 we report mean squared error when the average degree is n'/2, and in Figure 5
we report mean squared error when the average degree is n!/4. In both cases, we observed
worse performance relative to the denser n3/4 average degree case. When the average
degree is n'/2, mean squared error is more volatile, but Figure 4 does still suggest that 8
and ,B are consistent under peer contagion. Under latent contagion, 0 appears consistent,
but f struggle to recover the intercept (coefficient Z;) and the peer effect. We suspect
that this is primarily due to finite sample collinearity issues, as degree heterogeneity is
necessary to differentiate the intercept from the contagion term, and degree heterogeneity
is less pronounced in sparser graphs. In the sparsest setting, with average degree n'/4, the
impact of sparsity is more severe. Figure 5 suggests that all estimators experience slower
rates of convergence and may not even be consistent, under both models, although B is
potentially consistent under the peer contagion model. We believe that this degradation
in performance is primarily attributable to noise in the estimates X around X.
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Figure 3: Monte Carlo estimates of mean squared error of # under various noise models
for the network. The average degree in these simulations is n>/4.

These simulations show that the sparsity can degrade the performance of the estima-
tors that we have proposed, via two mechanisms: sparsity can reduce degree heterogene-
ity, leading to collinearity issues, and it may degrade the accuracy of the plug-in estimate X
of X. These simulations suggest that applied analyses using our estimators should assess
the quality of estimates X (namely, assess whether the estimates X correspond to mean-
ingful structure in the network) and should consider the possibility of variance inflation
in regression estimates due to collinearity. In sparse networks with strong block diagonal
structure and limited degree heterogenity, the intercept and X may be collinear, and it may
be reasonable to drop a column for collinearity reasons.

5 Data Application

To demonstrate our methods, we applied our estimators to network data collected dur-
ing the Teenage Friends and Lifestyle Study, reported in L. Michell and West (1996), Lynn
Michell and Amos (1997), Lynn Michell (1997), and M. P. Michell L. (2000). Recently,
Hayes, Fredrickson, and Levin (2025) and Di Maria, Abbruzzo, and Lovison (2022) in-
vestigated network-mediation using this data, studying how sex influenced network po-
sition, and how network position subsequently influenced smoking behaviors in adoles-
cents. These analyses assumed that there were no peer effects on smoking after account-
ing for latent network position. We re-analyzed the same data to investigate if smoking
exhibits spillovers in addition to being localized within the adolescent social network.
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Figure 4: Monte Carlo estimates of mean squared error of 8 and . The average degree in
these simulations is n!/2.

5.1 Data

The Teenage Friends and Lifestyle Study collected three waves of survey data in a secondary
school in Glasgow, beginning in January 1995. Students in the study filled out a question-
naire about their lifestyle and risk-taking behaviors, including alcohol, tobacco and drug
use, and additionally were asked to list six of their friends. M. P. Michell L. (2000) found
that smoking was mostly concentrated in friend groups composed of popular girls, unpop-
ular students, and trouble-makers: “risk taking behaviour was heavily polarized within
social categories so that, for instance, groups of individuals (and their peripherals) were
in general either risk-taking or non-risk-taking”.

The social network was collected by asking students “who are your best friends”, and
allowing adolescents to list up to six responses. We considered only data from the first
wave of the survey, which included 153 adolescents. Sex and tobacco use were self-reported
as nominal features with levels “Male” and “Female”; and “Never”, “Occasional,” and
“Regular,” respectively. To match the analyses of Hayes, Fredrickson, and Levin (2025)
and Di Maria, Abbruzzo, and Lovison (2022), for the tobacco use measure we combined
“Occasional” and “Regular” into a single level, and compared smokers with non-smokers.
Also to match the analysis of Hayes, Fredrickson, and Levin (2025), we treated age (con-
tinuous) and church attendance (nominal) as possible confounders and thus included
these variables as controls.

We computed the adjacency spectral embedding of the social network A. In the Glas-
gow data, the social network is directed: an edge i — j indicates that student i listed stu-
dent j as friend. This directedness means that students have two distinct co-embeddings
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Figure 5: Monte Carlo estimates of mean squared error of 8 and . The average degree in
these simulations is n'/4.

corresponding to their propensity to send out-edges and receive in-edges. Letting A =
USVT be the truncated singular value decomposition of A, the left co-embedding L =
USY2 described how students in the network send edges (i.e., claim friends), and the
right co-embedding X = VS§'/2 described how students receive edges (i.e., are claimed as
friends). Our results used the right co-embeddings X. We did not select any particular
dimension d for the latent space. Instead, we repeated our analysis for many values of 4,
to investigate the sensitivity of our results to the dimension of the latent space. Once we
obtained embeddings X via the singular value decomposition, we performed a multiverse
analysis, estimating regression coefficients using 8 and . For each estimator, we consid-
ered two variants, one including X as covariates, to adjust estimates for latent positions in
the network, and one without including/)\( as covariates. That is, we used two-stage least
squares estimator derived under all four of the following generative models:

Y=1,8)+WB, +GYp, +¢ (15)
Y=1,0)+ W6, + GYb, +¢ (16)
Y =1,60+WBy + XB, + GYB, + ¢ (17)
Y =1,0) + WO, + X6, + GY0, +¢ (18)

Recall that W consists of age and church attendance. The estimators § required an estimate
of the dimension d of the latent positions X, as does 8 when X are included as covariates
in the model. We repeated our analysis for 2 < d < 25 in order to understand how the
dimension of the embedding affected estimates. For each estimate, we reported a 95%
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Figure 6: Point estimates and asymptotic 95% confidence intervals for f, and 6, in the
Glasgow adolescent social network. B, and 6, measure the contagiousness of smoking.

asymptotic confidence interval in Fig. 6.

5.2 Results

Estimates of the smoking spillovers varied moderately across the multiverse analysis. The
simplest and most consistent story emerged amongst estimates that do not adjust for la-
tent homophily by including X in the regression specification. These estimates, visual-
ized in blue, were consistently large and statistically differentiated from zero, suggesting
that smoking does exhibit spillover effects. However, estimates that adjusted for latent
homophily by including X told a different story. In most cases, including X in the regres-
sion reduced the point estimate of the contagion coefficient, and the associated confidence
interval often contained zero. However, these confidence intervals remained wide, indi-
cating substantially uncertainty about the presence or absence of a spillover effect after
accounting for localized smoking behavior in the network via the X terms.

Another set of comparisons, between the latent contagion estimators and the peer con-
tagion estimators, was also informative. In particular, Theorems 1, 2, 3, and 4 prove that
latent and peer contagion estimators are asymptotically equivalent under the random dot
product graph, provided that the network is precisely observed. However, we observed
some deviation between the latent contagion and peer contagion estimators, with latent
contagion estimates indicating lower levels outcome spillover across most embedding di-
mensions. There numerous possible explanations for the difference between the latent and
peer contagion estimates: (1) the peer network might have been observed with noise, (2)
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a random dot product model may not haven been appropriate for network (in which case
we would prefer the estimates based on the peer contagion model), or (3) the network
may have been too small (recall n = 153 nodes) for asymptotics results to applicable.

Lastly, we observed that estimates under peer contagion model were fairly stable as a
function of the embedding dimension d, but estimates under the latent contagion model
were somewhat more volatile in the embedding dimension, with estimates of the conta-
gion coefficient collapsing towards for the specific values d = 10, 18,21. We suspect this
volatility as a function of embedding dimension was related to the small sample size the
limited number of smokers in the network.

Altogether, our analysis indicated that there was substantial uncertainty about the
presence and scale of the contagiousness of smoking in the adolescent social network,
after accounting for the localized natural of smoking in the network by control from X.
This uncertainty mirrored previous results suggesting that peer effects and homophily are
challenging to distinguish in social networks (Hayes and Levin, 2025; Shalizi and Thomas,
2011). A possibly next step to differentiate between these effects in the adolescent social
network would be to consider longitudinal models of smoking behavior, such as those
proposed in (Chang and Paul, 2025).

6 Discussion

We have shown that under low-rank network models, contagion over a true network is
asymptotically equivalent to contagion over a smoothed, latent adjacency matrix. This
equivalence enables consistent peer effects estimation even when the observed network
contains measurement error, provided we can reliably estimate the network’s eigenspace.
Any method that reliably estimates the eigenspace of E[A]—whether through spectral
embedding for sub-gamma noise, matrix completion for missing edges, or debiasing tech-
niques for systematic measurement error—can be combined with our latent contagion
framework to estimate peer effects in challenging data settings.

While this paper focuses on parameter estimation rather than causal identification, the
equivalence we establish has implications for causal inference under interference. Under
appropriate conditional ignorability assumptions, network autoregressive parameters can
have causal interpretations (Vazquez-Bare, 2023; Leung, 2022; McFowland and Shalizi,
2021). Our results suggest that when peer influence operates through latent structure,
causal effects may be more accurately estimated by defining exposures based on latent
proximity rather than observed edges.
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Here we collect proofs of our main theoretical results, stated in Theorems 1, 2, 3 and 4,
as well as our projection equivalence result in Theorem 5. In the main text, these are listed
as holding under “suitable regularity conditions”. We begin by listing the assumptions
on the covariates and model parameters that constitute these conditions. The first of our
assumptions ensures that the spectrum of P = XX is suitably well-behaved.

Assumption 1. The expected adjacency matrix P satisfies d = rank P = O, (1) and
sg = Q,(1). (19)
Further, the edge-level variance does not grow too quickly compared to the signal in s;:
Sy = wp(m\/ﬁlogn>. (20)
Letting x(P) = s1/s; be the condition number of P, we require
K(P)(v + 192)1110g2 n

sg/z =0,(1). (21)

We also require assumptions on the behavior of the minimum degree of the weighted
adjacency matrix P. Denoting the degree of vertex i in P by

n
d; =E[d;|X] = [P1],= ) X]X; (22)
j=1
we require the following assumption.
Assumption 2. The degrees of the expected adjacency matrix P are such that
o T2 24,3/2 1o 2
lrg[% ;i = w (K(P)(l/ + b")n>/“log n) , (23)
in 7 — 3/2 24,,3/2 2
Sy 112[1151] di=w (K (P)(v + b")n>/“log n) and (24)
s1Vv + b?Vnlogn 1
——=0o| 5 ) (25)
mlnie[n] di n

We also require regularity assumptions on the latent positions and other covariates.

Assumption 3. The latent positions X € R are such that
Xl = QP<K(P)\/1/ + b? logn>. (26)

Our results for the latent contagion estimator 0 require a slightly stronger assumption.
We note that these bounds are focused on the setting where the variance of the edges
(as encoded by the subgamma parameters v,b) are decoupled from the growth rate of
s;. As such, we expect that these assumptions can be relaxed by extending the bounds in
Rubin-Delanchy et al., 2022 to the case of subgamma edge distributions, but we leave this
to future work.
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Assumption 4. The tail behavior of the edge-level noise is such that

k(P)Vv + b?nlogn
Sd

= 0,(1). (27)
Assumption 5 (Peer oracle assumptions). Under the peer contagion model of Equation (3),
the following conditions hold.

1. All the diagonal elements of G are zero and G has uniformly bounded row and
column sums.

2. |ﬁy| < 1, so that (I - ﬁyG>_1 is non-singular.

3. The regressor matrices W and X have full column rank (for # large enough), and the
elements of W and X are uniformly bounded in absolute value almost surely.

4. e are i.i.d. with zero mean, variance E[&?] = 02 < oo and all entries of € have finite
fourth moments.

5. The instrument matrices H have full column rank, are composed of a subset of lin-
early independent columns of

[W X GW GX G*W G3X],

where the subset contains W and X.

6. The limit
1
lim —H™H
11— o0 n
is finite and non-singular. Further,

1
“H'Z
n

converges in probability to a matrix that is finite with full column rank.
Our results for the latent contagion model require similar assumptions.

Assumption 6 (Latent oracle assumptions). Under the model in Equation (5), the condi-
tions of Assumption 5 hold, with G in place of G and H in place of H.

Under either Assumption 5 or 6, the matrix of node-level covariates, the design matrix
and the instrument matrix are all well-conditioned. Further, it is straightforward under
either of these assumptions, the following growth rates hold. These will prove convenient
to have for reference in our proofs to follow.

max {[X||, IWI} = O,(Vn), (28)
Omin(MZ) = Q(vn) and |Z|| = Qp(ﬁ), and (29)
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Omin(H) = Q(v/n) and |H| = O, (V7). (30)

Our projection equivalence result, Theorem 5, does not require the subgamma edge
behavior of Definition 1. Instead, we need only that the edge noise has bounded second
moments, along with degree growth conditions that hold in expectation, rather than in
probability.

Assumption 7. The matrix lim,,_, ., E4Z'Z/n exists and is invertible.

Assumption 8. The entries of A — P are, conditionally on X, mean zero and independent
(up to symmetry), and obey

max Eq [(A = P)7 | X] < v, (31)
1,]
Assumption 9. The expected degrees d], dNZ, e, cfn are such that

n
1
n 2 Bog = 001, (32)
i=1 j

1

where v,, is the variance parameter is Equation (31) above.

A Technical Results

Here we collect basic results, largely related to concentration inequalities, which we will
use to establish our technical results in the sequel.

Definition 6. Let Z be a mean-zero random variable with cumulant generating function
Pz (t) = log E[e!*].

1. Z is sub-Gaussian(v) for v > 0if ¢, (t) < t?v/2 forall t € R.

2. Z is sub-gamma(v, b) for v,b > 0 if Y, (t) < Z(iz_l’bt) and ¥_,(t) < Z(f_'/bt) for all
t<1/b.

Lemma 4 (Boucheron, Lugosi, and Massart, 2013 Chapter 2). Suppose that Z is a (v, b)-
subgamma random variable. Then for all t > 0,

Pr|IX| > V2vt + bt| < exp(-1}

The following is a basic result concerning subgamma random variables, which we
prove for the sake of completeness.

Lemma 5. Let Z1,Z,,...,Z,, be a collection of independent (v,b)-subgamma random variables
and let a1, a5, ..., &, € R be nonnegative. Then, defining S,, = Y. a;Z;, for any t > 0, for any
constant ¢ > 0, for suitably-chosen constant C, it holds with probability at least 1 — Con™¢ that

" 1/2
S,,| < CVv + b2 (Z a%) logn (33)

i=1
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and

1S,| = Op(\/v+ b2, izx?). (34)
i=1

Proof. By a basic property of subgamma random variables (see Boucheron, Lugosi, and
Massart, 2013, Chapter 2), a;Z; is (v;, b;)-subgamma, where v; = a?vand b; = a;b;, and the
random sum S,, = ) ., &;Z; is a subgamma random variable with parameters

n n
7Y u=vya

Thus, applying Lemma 4, for any t > 0,

Pr [|Sn| > \2ut +Et] < exp{~t}.

Setting t to be any constant yields Equation (34). Setting t = Clogn for suitably large
C > 0 and noting that b < C7'/? for suitably-chosen constant C > 0, it follows that

Pr [ISnI > C(T/l/2 logl/zn +Elogn] <2n~¢.
Observing that

n 1/2
72 log!?n + blogn < Vv + b2 (Za ) logn
i=1
establishes Equation (33). ]

Lemma 6. Let Z1,Z,,...,Z,, be a collection of independent (v,b)-subgamma random variables
and let ¢ > 0 be a constant. Then it holds with probability at least 1 — Cn~¢ that

nel[aﬁ 1Z;| < CVv + b?logn,
ieln
Proof. For t > 0, applying a union bound followed by Lemma 4,

n
Pr[max|Z;| > V2vt + bt] < ZPr[IZiI > J2vt + bt] < nexp{—t}.
! i=1

Taking t = Clogn for C > 0 chosen suitably large, it holds that with probability at least

1—n"¢,
max|Z;| < y2Cvlogn + Cblogn < CVv + b?logn,
as we set out to show. ]

A similar result to the one below appeared in Hayes, Fredrickson, and Levin, 2025. We
restate it here with slightly adapted notation for the sake of completeness.
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Lemma 7. Suppose that e € R" is a vector of independent mean-zero random variables with
bounded second moments,

lrg[anﬁ E[slz] <B

for some B > 0 not depending on n. Let H € R™" be a (possibly random) matrix with &

independent of H. Then
IHel = O,(VBtr HTH).

In particular, taking H = I, |le|| = Op<\/§>.
Proof. We observe that
E[|Hel?] = E[e"HTHe| < Btr HTH.
Let 6 > 0 be a constant. Applying Markov’s inequality, for any t > 0,

2
|He? E[IHel’| BtrHTH
_ < < .
Prl P ‘5] =7% T

Let r,, be any function of n growing such that r,, = w(Btr H'H). Then taking t = r,,,

2
|Hell
r1’l

lim Pr l

>3] o
n—oo
Thus, ||He||2 = op(rn) foranyr, = w(Btr HTH), and it follows that
2
IHell” = O,(Btr H'H).
Taking square roots completes the proof. O

Lemma 8. With notation as above, for B € (—1,1) fixed and e independent of G, define
e=(I1-pG) e R

Then, if the entries of € have bounded second moments as in Lemma 6,

€ =Op(\ %)

Proof. Observe that by Lemma 1,

((1-p8) ") (1-p8) " < T

Applying Lemma 7 with H = (I — BG )_1, it follows that

€l = Op(\ %),

as we set out to show. ]
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Our final result in this section concerns concentration of the degrees dq,d», ..., d,, of the
observed network A about their conditional expectations, defined in Equation (22).

Lemma 9. Suppose that A follows a sub-gamma model as in Definition 1. Then

max|di - d~l| = ()p<\/1/ + bzﬁlogn>.

ie[n]
Proof. Fixi € [n]. We observe that
d; —d; = Z (Ayj — P X X))
JEMIN{}

is, conditional on X, a sum of (v, b)-subgamma random variables. Applying Lemma 5
with suitably chosen constants, it holds with probability at least 1 — 2n=3 that

d; — d}| < CVv + b2 vitlogn. (35)
A union bound over i € [n] completes the proof. O

Lemma 10. Suppose that A follows a sub-gamma model as in Definition 1 and that the model
parameters grow in such a way that Equation (23) holds. Then with probability at least 1—O(n=2),
it holds uniformly over all i € [n] that

Vv + b%Vnlogn
2 '
1

‘1 1’ C
—_ — — S
di di

Proof. Defining vy,, = CVv + b2Jnlogn, using the fact thata=! —b=1 = b=1(a — b)a~! and
applying Lemma 9 twice, it holds with high probability that

1 1‘< C7, - CVv + b?>Jnlogn
didil T ditdi =) dz ’
where the last inequality follows from our growth assumption in Equation (23). O

B Estimating the Latent Positions

Here we collect results relating the latent position estimates X to the true latent positions
X. Many of the results in this section can be found elsewhere in the spectral methods
literature (see, for example, Lyzinski et al., 2017; Levin, Athreya, et al., 2019; Levin, Lodhia,
and Levina, 2022; Hayes, Fredrickson, and Levin, 2025). We include these results, with
notation adjusted to the current setting, for the sake of convenience.

Lemma 11. Suppose that A follows a sub-gamma model as in Definition 1. Then with high prob-
ability,
IA —P|| < CVv + b2Jnlogn.
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Proof. This result appears as Lemma 5 in Levin, Lodhia, and Levina, 2022, setting N = 1
in the notation of that work. O

Lemma 12. Suppose that A follows a sub-gamma model as in Definition 1 and that Assumption 1
holds. There exists a constant C > 0 such that with high probability,

512 < Cs12 and |81 < Cs1?,

where S is as in Definition 2.

Proof. Both of these facts are shown in the course of proving Lemma 4 of Levin, Lodhia,
and Levina, 2022. In particular, see Equations (28) and (32) in that work. ]

The following two results are standard in the spectral embeddings literature (see, e.g.,
Lyzinski et al., 2017) once we include our assumption that d is order a constant. For the
tirst, see Lemma 27 in Hayes, Fredrickson, and Levin, 2025 or Proposisiton 19 in Levin,
Lodhia, and Levina, 2022. For the second, see Lemma 38 in Hayes, Fredrickson, and Levin,
2025 or Proposition 20 in Levin, Lodhia, and Levina, 2022.

Lemma 13. Suppose that A follows a sub-gamma model as in Definition 1 and that Assumption 1
holds. Then there exists a sequence of orthogonal matrices Q € R%*4 such that

Clv+ 172)1110g2 n

2
o

u0 -, <

Lemma 14. Under the same assumptions as Lemma 13,

CVv + b?Vnlogn

Sq

[o-vuTD, <
F

Furthermore, with Q the matrix guaranteed by Lemma 13,

2 2
HQQ - SQ”F < Cor (v +b%) nlog™n + CVv + b?logn,

2
54

2
st Sl/ZQHF < Csy (v +b?)nlog™n N CVv + b2 logn

53/2 Scli/z
and 5
2 J 2
los12 12| < Cs; (v + b*) nlog n+C v+b logn.
F SZ/Z 82/2

The following result, which generalizes Lemma 40 in Hayes, Fredrickson, and Levin,
2025, is central to proving our main results.
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Lemma 15. Suppose that A follows a sub-gamma model as in Definition 1 and that Assumption 1
holds. Let B € R™ " be a matrix with A — P independent of B conditional on X. Then there exists
Q € R4 sych that

CVrv + b2|B|| log n L Cx®) @+ b2)|Blnlog” n

Proof. Take Q € R%* to be the orthogonal matrix guaranteed by Lemma 13. Applying a
standard decomposition for the adjacency spectral embedding (see, for example Lyzinski
et al., 2017; Levin, Athreya, et al., 2019; Hayes, Fredrickson, and Levin, 2025), writing
E = A — P for ease of notation,

| -x) 8] <

(XQ" -X) B =Q(US2-Us!2Q) B
= QS 12UTEB + Q (Q§8-1/2 - S_l/zQ)T UTEB
+QS$-12QTUTEUUTB + Q§1/2 (UUTU - UQ) ' B
+Q(QSY/2 —81/2Q) 'UTB + Q58-1/2(T - UQ) E (1 - UUT)B.

(36)

We will bound each of the six right-hand terms, after which the triangle inequality will
yield our result.

For the first right-hand term in Equation (36), using submultiplicativity and the fact
that Q is orthogonal,

UTEB
HQs—1/2UTEB” < ” H
S84

Taking the singular value decomposition of B, then using submultiplicativity and apply-
ing Bernstein’s inequality (Boucheron, Lugosi, and Massart, 2013; Vershynin, 2020), re-
calling that E is independent of B conditional on X,

CVv + b> /7Bl log n
V84

For the second term in Equation (36), submultiplicativity followed by Bernstein’s in-
equality and Lemma 14 yield

|QS~Y/2UTEB| < (37)

”Q (Qg—uz _ S‘l/ZQ)T UTEB” < ”Qg—uz _ S‘1/2Q|| ”UTEBH

J 2 2 2
SC(Sl v+b nlogn+d) (v + b*)Vr|Bll1log n.

2 3/2
Sd Sd

Using the growth assumptions in Equations (28), (20), (21) and (19),

CVv + b2 /7B log n
Vsa

||Q (Qg—uz _ 5—1/2Q)T UTEB” < (38)
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Considering the third right-hand term in Equation (36), Bernstein’s inequality and

Lemma 12 yield
CVv + b?|B|llogn

QS~'/2QTUTEUU"B| < 39
| | SR )
For the fourth right-hand term in Equation (36), Lemmas 12 and 13 yield
2 2
st (w0 - ve) 8] < 270 - of i = SIBES gan
d

Similarly, for the fifth term in Equation (36), submultiplicativity and Lemma 14 yield

||Q (QSl/Z _ 51/2Q>T UTB” < HQSl/Z _ Sl/ZQ” IB]|
_ Cr®)(v + b2)|Bllnlog” n s CVv +p?Bjlogn  (41)
< 7 o .

Finally, to control the sixth right-hand term in Equation (36), adding and subtracting
appropriate quantities yields

QS~1/2(T - UQ)T E(I-UUT)B=QS1/2(U - UUTﬁ)T E(I-UU")B

. — T (42)
+QS~12(UU'0-UQ) E(I-UUT)B.
By submultiplicativity followed by Lemmas 11 and 14,
|@8-"72 (T - uuT0) " E (1 - UUT)B|| <1812 |[O - UUTO| IEIIBI
_ CIBI (v + b?)ynlog” n (43)
Similarly, submultiplicativity followed by Lemmas 11, 12 and 13,
. — CIIBJl (v + b?)%/?n32 log®
||QS_1/2 (UUTO - UQ>T E(I- UUT)BH < IBIl (v ;/2 n>'<log” n
s
“ (44)
C(v + b?)|Bllnlog” n
E 3/2 '
84

where the second inequality follows from our growth assumption in Equation (20). Ap-
plying the triangle inequality to Equation (42) and using Equations (43) and (44),

C(v + b2)|Blnlog” n

(45)
32
84

|@s-2(0-uQ) E(1-UUT)B| <

Applying the triangle inequality to Equation (36), followed by Equations (37), (38),
(39), (40), (41), and (45), completes the proof. O
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Our final result in this section concerns the behavior of

n
d; =) XTX; (46)

which estimates the “latent” degrees d; given in Equation (22).

Lemma 16. Suppose that A follows a sub-gamma model as in Definition 1 and that Assumptions 1
through 4 hold. Then, with high probability, it holds uniformly over all i € [n] that

|dAZ—d~Z| < Cyx(P)Vv + b>Jnlogn. (47)

Further,
1 1 Cyr(P)Vv + b%2Jnlogn
maX|—= — —« < . (4:8)
ieml |4, d, min; 62

Proof. Fix i € [n]. Recalling the definitions of d; and d; from Equations (46) and (22),
respectively, writing e; € R" for the i-th standard basis vector,

~

d;—dj| = le] (P-P)1

<lef (XQ" —X)XT1| + ‘ejx (XQT-x)’ 1‘ +

. . T
e] (XQ - X) (XQT - X) 1‘.
(49)
By Cauchy-Schwarz and Lemma 15,

N 2 2 2
|eiT </)\(QT —X) XT1| < CJEIIXII( v+ b*logn N k(P)(v + b°)nlog n)

a S
k3/2(P)(v + b*)n log2 n
S4 '

<Cvn (\/K(P)\/V + b?logn +
Applying our growth bound in Equation (27),

e/ (XQT = X) XT1| < CVx(P)Vv + b2 Viilogn.

Similarly, trivially upper bounding ||el.T X< 11X,
‘eiTX (f)\(QT — X)T 1‘ < Cyx(P)Vv + b*>Vnlogn,

Applying Lemma 15 twice more, once with B = e; and once with B =1,

o] (%Q7 -X) (@7 -X)"1] < m( 2 .
d

< Cyx(P)Vv + b>Vnlogn,

(v +b?) log2 n x2(P) (v + b?)2n? log4 n)
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where we have used our growth assumptions in Equations (19), (20), (28), (21) and (27).
Applying the above three bounds to Equation (49) yields Equation (47) after noting that
the right-hand side does not depend on our choice of i € [n].

To see Equation (48), note that for any i € [n],

Id—dl

Using Equation (49) in combination with our assumption in Equation (23), it holds uni-
formly over all i € [n] that

Cld; - dj
2

i

~

d; dil”
A second application of Equation (49) yields Equation (48) and completes the proof. [

‘1 1
—— <

C Controlling the Averaging Operators

Lemma 17. Suppose that A follows a sub-gamma model as in Definition 1 and suppose that As-
sumptions 1 through 3 hold and either of Assumptions 5 or 6 hold. Then with high probability,

s1 ) Vv + b2 Jnlogn

Min;e(,,) d;

HG—@||§C(1+ : -
min;e d;

Proof. Recalling the definitions of G and G from Section 3.1, the triangle inequality yields

~

IG-G| <[[(D' =D 1)P|+ D1 (A-P). (50)

By submultiplicativity of the norm and Lemma 9,

N d. —d. y 2
H(D_l_D )P” <slmax| i l| < CSl v+b \/ﬁlogn’

i€lnl dd;, min;e(,,; d?

(51)

where we have used our growth assumption in Equation (23).
Similarly, this time using Lemma 11,

CVv + b?Jnlogn

[D71 (A -P)|| < — -
Min;e(,,) d;

(52)

Applying the above two displays to Equation (50),

Ic-g] SC(1+ $1 >\/1/+b2\/_10gn,

mil’lie[n] d mlnle[n] d

as we set out to show. ]
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Lemma 18. Suppose that A follows a sub-gamma model as in Definition 1 and suppose that As-
sumptions 1 through 4 hold. Then under either Assumption 5 or 6,

6 cl=c(is t )TN TR mog

Min;e(,,) d;

Min;e(,,) d;

Proof. Recalling the definitions of G and G from Equation (9) and Section 3.1, respectively,
and applying the triangle inequality,

|6-6] <D~ =) P+ D" (P -P)|. (53)
Using submultiplicativity of the norm and Lemma 16,

Cs1Vx(P)Vv + b?Vnlogn

minie 1] d?

(54)

|(D1-D 1P| <

Since P is a truncation of A, we have |[P — P|| < 2|A — P|. Submultiplicativity and
Lemma 11 thus yield

CVv + b?>Vnlogn

minie[n] di

D=1 (P -P)| < [D7Y||P-P| <

By Lemma 16 and our assumption in Equation (23), min; d > Cmin; d;, and thus

CVv + b?Vnlogn

D~ (P -P)| < —— (55)
min;e(,) d;
Applying Equations (54) and (55) to Equation (53),
. 2N
R T R
mlnie[n] di mlnie[n] di
completing the proof. O

Lemma 19. Suppose that A follows a sub-gamma model as in Definition 1 and suppose that As-
sumptions 1 through 4 hold. Then under either Assumption 5 or 6, with high probability,

L (PR
o min;e(,, d;

min;ep, d;
Proof. By the triangle inequality,
|G -6|=<[6-&]+]c-g].
Applying Lemmas 18 and 17 completes the proof. O
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Lemma 20. Suppose that A follows a sub-gamma model as in Definition 1 and suppose that As-
sumptions 1 through 3 hold. Let u,v € R" be such that A — P is independent of v, u conditional

on X. Then, under either Assumption 5 or 6,
~ [lallllvl
uT (G-8)v|=o0 <—)
™ (G - @) v] = o, (00

Proof. Recalling the definitions of G and G from Section 3.1, the triangle inequality yields

~

[u" (G-G)v|<[u" (D1-D 1) Av|+ [u"D 1 (A-P)v|. (56)

Using the assumption that A —P is independent of u and v conditional on X, Bernstein’s
inequality yields

= (v + b2)u?v? logn 2
lu" D1 (A-P)v|< C\IZ d; 0% < Clulllvivy + bN logn.

7 ; min;e,,) d;

Using our growth assumption in Equation (23),

(57)

—_ lallllv]]
TH-1 _
lu™D (A—P)v|_op< )

Jyn
Applying the triangle inequality,

u" (D! =D 1) Av|<|[u" (D! =D 1)Pv|+|u" (D! -D 1) (A-P)v|]. (58)

Applying submultiplicativity of the norm followed by Lemmas 11 and 9 and using our
growth assumption in Equation (23),

D d; —djl _ Clulllvil(v + b*)nlog” n
u” (D71 =D") (A - P)v| < [ullivil|A — Pl max ——— < s

Applying our growth assumption in Equation (23),

uT (D1 -D1)(A-P)v| = op( laliiv )

T (59)
Recalling G = D~'P, factoring appropriately and applying the triangle inequality,
[u"(D1-D~1)Pv| < [u"D}(D-D)Gv| + [u"(D1-D~1) (D-D)Gv|.  (60)
By submultiplicativity of the norm and the Cauchy-Schwarz inequality,
[u"(D~1-D~1)(D-D) Gv| < uliiv|| [D~! - D~!|||D - D|,

where we have used the fact that |G| = 1. Applying Lemmas 9 and 10 and using our
growth assumption in Equation (23),

C b2)nlog>
lullivli(v + b%)nlog? n zop(W). (61)

[u" (D1 -D1)(D-D)Gv|< 7

minie [n] d?
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Expanding the matrix-vector products and rearranging,

~ ~\ A L (di - sz) Uu;
u D1 (D-D)Gv=) ) ijx]-v]- (62)
i=1j=1 i
Define the matrix R € R according to
uiXiTXj

i
Recalling that the degrees are the row sums of the adjacency matrices, we can rewrite
Equation (62) as

u D' (D-D)Gv=[(A-P)1]'Rv=1T (A-P)Rv.

Thus, expanding out the product,

uDH(D-D)Gv=) Y (A-P),;(Rv); =) (A—P);[(Rv), + (Rv),],
i=1j=1 i<j

where we have used the fact that A — P is symmetric with zero diagonal by assumption
(though note that the case of non-zero diagonal can be handled straightforwardly). Since
the entries of A — P are (v, b)-subgamma random variables, conditionally independent
(up to symmetry) given v and R, standard concentration inequalities imply that with high
probability,

|uT’[V)‘1 (D-D) §v| < C\J (v+b2) Z [(Rv)]- + (Rv)l-]2 < C\J(H_bZ) i (RV)? nlogn,

i<j i=1

where we have used the inequality (x + y)2 <2(x% + yz). It follows that, with high prob-
ability,

~ ~\ A u?(XTX;)?2
[u™D~1(D-D) Gv| < CVv+b2 |Rv||Vrlogn < C||v||\/1/+b2\lz ldi—4fﬁlog n.
ij i
Using the Cauchy-Schwarz inequality and the fact that all summands inside the square
root are non-negative,

lu"D-! (D -D)D 'Py|

CliallliviVy + b2IXIIEIXl, o V72 log n [[ulllivi
< = Op< ), (64)

where the equality follows from our growth assumptions in Equations (23), (26) and (28).
Applying Equations (61) and (64) to Equation (60),

ey Juliv]
uT (D' - D 1)Pv|:op< )

T (65)
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Applying Equations (59) and (65) to Equation (58),

u™ (D~ —D-1) Av| = op<”u””V” )/

vn
and applying this and Equation (57) to Equation (56) completes the proof. O

Lemma 21. Suppose that A follows a sub-gamma model as in Definition 1 and suppose that As-
sumptions 1 through 4 hold. Let u,v € R" be such that A — P is independent of v, u conditional
on X. Then under either Assumption 5 or 6,

=~ l[allllv]]
[T (G- G)v|=o,( o )

Proof. Recalling G and G as given in Equation (9) and Section 3.1, respectively,
’uT (@ — é) v‘ < ’uT (D1 -D1) f’v’ +[u™D (P -P)v|. (66)
By definition of P and P, the triangle inequality yields

[u™D1 (P-P)v|<[u"D? (QX - X)X v| + ‘uTB—lx (Qx - x)T v‘
(67)

a1 (QX - X) (QX - X)' v‘ .

By submultiplicativity and Lemma 15,

~ . 21 P 2 1 2
|uTD-1 (QX_X> xTv| < Clialliiv{IlIXI (\/V+b ogn . x(P)(v + b°)nlog n),

and our growth assumptions in Equations (23) and (24) yield

min; d;

‘uT,]V)_l (Q?( ~ X) XTv‘ _ op( [alllivl )

vn

A near-identical argument yields

‘uTﬁ‘lx (7(Q B X>T v‘ _ Op( alllivl )

yn
Applying the above two bounds to Equation (67),

(68)

WD (P~ P)v| < [0 TDT (QX - X) (XQ - X) v] +0, (1)

n

By Cauchy-Schwarz and two applications of Lemma 15,

— N C b2) log? 2(p 12)2n2 log*
D1 (k0 @k | < S e o' | P ') g
minidl’ Sd Sd
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Since the largest eigenvalue of the adjacency matrix is an upper bound on the minimum
degree, we have

2 (P) (v + b?)?n? 10g4n B min, d; k2(P) (v + b2)%n? log4n - x3(P) (v + b%)2n? log4n

s3 min; d; Sd s2 min; d? B s2 min, d?

4

and our assumption in Equation (24) implies

. - (70)

k2(P) (v + b%)2n? 10g4n B 1
3 =0p| - |-

min; d;

Applying this to Equation (69), along with our growth assumption in Equation (24)

l[allllv]] )

‘uT']j—l (7(Q — X) (Q?( — X)Tv‘ = op( 7

Applying this to Equation (68),

—~ 1 lallliv]]
lu"D 1(P—P)v|=op< )

vn
Applying this to Equation (66) in turn,

(G- G)v <|uT (D D) P+ o, (11,

By the triangle inequality,
[uT (DL =D1) Py <[uT (D1 =D1) (B=P)v]+[uT (D1 =D Y)pv].  (72)
By submultiplicativity,
[u" (D1 =D 1) (P-P)v| < uliiv] [D-! -D1|||P - P||.

Upper bounding IP — P|| < 2||A — PJ, since P is a truncation of A, Lemma 11 yields

) Vv + b2 Jrlogn.

d; — dy|
d?

[u" (D1 =D1) (P-P)v| < Clullvl (ml_ax

Applying Lemma 16 and using the growth assumption in Equation (23),

S vl
|uT (D 1_D 1) (P—P)V|:Op<7>

Applying this to Equation (72) and applying the result to Equation (71),

=~ = ||u||||v||>

T (G- &) v|< |uT (D1 - DB1)Py| + op( o (73)
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Recalling G = D~!P, factoring appropriately and applying the triangle inequality
yields

~

[uT (D1 =D Pv| < [u™ D (D-D)Gv|+|[u” (D1 -D1) (D-D)Gv|. (74)

By submultiplicativity and using our growth assumption in Equation (23),

—~ =2
GT (D1 —B-1) (D - D) Ev| < SV D - D| |
( ) ( )

min; d?

where we have used the fact that |G| = 1. Applying Lemma 16 and using the growth
assumption in Equation (23), it follows that

uT (D~ - D) (D~ D) Gv| = o, (11 ).

7 (75)

Defining R € R™" as in Equation (63), recalling that the degrees d; and d; are given by
row-sums of P and P, respectively,

u D! (D-D)Gv=1T(P-P)Rv.
By the triangle inequality,
™D (P-P)v| < [a™D (XQ - X)XT¥] +[u DX (XQ - X) v

R R . (76)
+ ‘uTﬁ_l (XQ-X) (XQ-X) v| .

Applying submultiplicativity and Lemma 15 with B = D1y,

— C 3/2(y + b?)nlog?
|uTD_1 (XQ _ X)XTv| < ||11||||‘i|| ﬁmlogn 4 k< (v + b%)nlog 7’1) _ OP(IIHIIIIVII)’
minz‘ di Sd \/ﬁ

where we have used our growth assumptions in Equations (23) and (24). A near-identical
argument yields

‘uTTj—lx (XQ B X)T v‘ _ op( [alllivl )

Vi
Applying the above two displays to Equation (76),

WD (P~ P)v| < [0 TDT (XQ - X) (XQ - X) v] +0, (1)

Jyn
Applying Cauchy-Schwarz and invoking Lemma 15 two more times,

(77)

2 2 2 2422 4
< Cllull[v]] ((V+b )log™n LK (v + b%)?n?log n) _ Op<lluIIIIVI|>,

D (XQ-X) (XQ-X) v o

min, d; S s3
where we have used our growth assumption in Equation (24) and the bound in Equa-
tion (70). Applying this to Equation (77),

o . - - uliv]
u™D 1(P—P)v|§‘uTD 1(XQ - X) (XQ - X) v‘+op< o )

Applying this to Equation (73) in turn completes the proof. O
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Lemma 22. Suppose that A follows a sub-gamma model as in Definition 1 and suppose that As-
sumptions 1 through 4 hold. Let u,v € R" be such that A — P is independent of v, u conditional
on X. Then under either Assumption 5 or 6,

~ v
W7 (G- G) v =0,(—).

Proof. By the triangle inequality;,

|uT(G\—G>V|S|UT<G\—§>V|+‘UT(G—G)V|.

Applying Lemmas 21 and 20 completes the proof. O

D Controlling the Responses

Lemma 23. Under the latent contagion model in Equation (6), suppose that Assumptions 1
through 3 and Assumption 6 hold. Then

Y] = O, (V).
Proof. Recalling Equation (6) and applying the triangle inequality and submultiplicativity,
~\—1 ~n =1
Y] < H(I ~6,G) H 1,60 + W8, + X6, + H(I - 0,G) gH

Controlling the first term using Lemma 1 and the triangle inequality, and controlling the
second term using Lemma 8,

0o vn
IIYHSC( " +||wew||+||xn||exl|)

The proof is complete after applying the growth rate in Equation (28) and using the fact
that the model parameters are constant in 7. O

Lemma 24. Under the peer contagion model in Equation (4), suppose that Assumptions 1 through 3
and Assumption 5 hold. Then
Y=Y+ Cn/

where A — P andY are independent given X, |[Y|| = O, (vn), and \g,|l = o,(vn). Further,
Y|l = O, (V7).
Proof. Recalling the definition of G from Section 3.1, define

Y = (1= 8,8) " (1,80 + WBy + XB, + &)

and
-1

&= (1=B,G) " = (1=B,8) | (1o + WB,, +XB, +2). (78)
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Then adding and subtracting appropriate quantities in Equation (4),
Y=Y+,
An argument parallel to that given in the proof of Lemma 23 above yields
[¥]] = 0, (vm),

so our proof will be complete once we control Z,,.
For ease of notation, define

L = (1,80 + WB,, + XBy + €). (79)

Applying the Neumann expansion and the triangle inequality,
[ = i BTG - G| ILil = i Byl7[|G7 — GA| L.
q=0 g=1

Expanding HGq — §q|| as a telescoping sum in g

q—-1
o7 - &1 < Y 16741 - G| < al6 - G} (80
k=0

Plugging this into the Neumann expansion and evaluating the series

o - 16y
12l < ILI|G — G| > 18,1 = ILI|G - GHLZ
= (1-By)

Lemma 17 then yields

Vv + b?Vnlogn

Min;e(,,) d;

llénllscuLu(u %1 )

min;ep,; d;
Applying our growth assumption in Equation (25) yields
18ull = 0, (ILID). (81)
Applying the triangle inequality,
ILIF < 1BollL, 1l + IBw IWI + IBLIIXIE + llell,

from which Lemma 7 and our growth rate in Equation (28) implies
ILII = Qp(\/ﬁ)- (82)

Applying this to Equation (81) completes the proof. O
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Lemma 25. Suppose that Assumptions 1 through 4 hold and that u € R" is such that A — P is
independent of u given X. Then under either of the models in Equations (6) and (4),

[u (G- G) Y| =o,(ul).

Proof. We note that this bound is trivial under latent contagion given our growth assump-

tions: simply use Lemma 22 and the fact that |[Y|| = QP ( vn ) Under peer contagion as in

Equation (4), the result requires more careful analysis.

Using Lemma 24, write Y = Y + {,,, where Y and {,, obey the growth rates in Equa-
tion (135) and Y is independent of A — P conditional on X. The triangle inequality then
yields

W (G-G)Y|<[u" (G-G)Z|+[u" (G-G)Y|<|u" (G-G) )| +o,(lul), (83)

where the second bound follows from Lemma 22 and the fact that ||Y|| = Op ( N ) by con-
struction. By the definition of (,, in Equation (78),

u' (G-G)g, = i BiuT (G-G)(GT1-GY)L, (84)
q=0

where L is as in Equation (79). By Lemma 22 and Equation (82),
[u™ (G- G)L|=o0,(ul).
By submultiplicativity followed by Lemmas 19 and 17,

2 2
(v + b*)nlog”n
&2 = o),

i

[u" (G-G) (G- G")L| < CluliL| (1 41 )

Min;er, d; min;e,)

where the equality follows from Equation (82) and our growth assumption in Equation (25).
Applying the triangle inequality in Equation (84) and using the above two bounds,

u" (G-G)g| < i Blu” (G - G) (G7 = G) L| + 0, (Jlul). (85)
q=2

For any q > 2, the triangle inequality yields
W (G-G)(G'-G"L|<[u"(G-G)G(G"!'-G")L|+|[u" (G-G) (G-G)GT'L].
Recursing, it holds for any g > 2 that
[u" (G-G)(G7-G")L| < qulliLI |G - G|||G - G|.
Applying Lemmas 19 and 17 along with the bound in Equation (82),

w4 bz)nlog2 n

[u” (G- G) (G" - G")L| < Cqllullva (1 T )

minie[n] di minie[n] d?
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Applying this bound to each of the terms in Equation (85),

2w+ bz)nlog2 n

|uT(é—G)gn\5C||u||m(1+ il )

MiN;er, d;

i q|By[" + 0, (ul).
q=2

minie[n] d?
Applying our growth assumption in Equation (25),
[u™ (G- G)g| = o, ().

Applying this to Equation (83) completes the proof. O

E Controlling the Instruments

We now turn to describing the behavior of our instruments (e.g., H, H H and H). As an
oracle counterpart to the instrument H in definition 4, we define

H = [W X GW GX G?*W G2X] € R™p+3d), (86)
Similarly, as an oracle counterpart to H in Definition 3, we define
H = [W X GW GX G?*W G2X] € R™*@p+34), (87)

The technical results below relate these four different versions of the instruments to
one another. To account for the rotational non-identifiability of X, we must consider ap-
propriate orthogonal rotations of H and H, which are given by

L, 0 0 0 0 0]
O Q 0 O o0 o0
0 0 I 0 0 0
= pxp 3(p+d)x3(p+d)
On 0 0 0 Q 0 0 e R , (88)
0 0 0 0 L, O
0 0 0 0 Q]

where Q € R%* is the orthogonal matrix guaranteed by Lemma 15.

Lemma 26. Suppose that Assumptions 1 through 4 hold. Then under either the peer contagion
model in Equation (4) with Assumption 5 or the latent contagion model in Equation (6) with
Assumption 6, with Qg € R GP+3DxGp+3d) g5 gjven in Equation (88),

|F1QF, - H] = o, (Vormn D ).

Proof. Recalling the definitions of H and H from Definition 3 and Equation (86), respec-
tively, and applying the triangle inequality,

[FrQk - H| < [xQT -] + |[(G - G) W[ + |[GXQT - GX]
Y~ Y ~ (89)
+[(G* - G?) W] + |[G*XQT - G2X]|.
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Applying Lemma 15 with B = I followed by our growth assumptions in Equations (20), (28)
and (21),

CVv + b2Jnlogn N Cx(P)(v + bz)nlogzn

Applying our assumption in Equation (30),

“/)\(QT - X” = 0p< Va-min(ﬁ)) (90)

Applying submultiplicativity of the norm and Lemma 18,

2
(G- Gpw] < o1 T | T
Min;e ) d; min;e ) d;

Q"X < - gy (1)

Applying our growth assumptions in Equations (28) and (25),
(G =G) W[ =0, (n''%).

Applying the growth assumption in Equation (30),

(6~ &)Wl = 0, (Joma ) o

Similarly, by the triangle inequality, submultiplicativity of the norm and the fact that G
and G both have unit spectral norm,

(62 - &) W] <6 (6 - &) W] + (G - &) W] < 2[6 - 1w,

The same argument as that leading to Equation (91) then yields

(6 - &) W] = o, (Vo) o

By the triangle inequality, again using submultiplicativity of the norm and the fact that
G has unit spectral norm,

JexQ™ - &) <G - &I + [fQ™ - X

7

whence Lemma 18 and Equation (90) yield

IGXQ™ - GX| < C s, (1 PN N) v bz\/ﬁloNgn + 0p<\/amm(ﬁ)>.

min; e, d; min; e, d;

Once more applying the same argument as that leading to Equation (91), this time using
the growth assumption in Equation (28),

|GXQ™ - GX| = op<\/0mm(ﬁ)>. (93)
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By an argument parallel to that yielding Equation (92),

|(G*-G*)x]| = 0p<\/ffmm(ﬁ>>. (94)

Applying Equations (90), (91), (92), (93), and (94) to Equation (89) completes the
proof. O

Lemma 27. Suppose that Assumptions 1 through 3 hold. Then under either the peer contagion
model in Equation (4) with Assumption 5 or the latent contagion model in Equation (6) with
Assumption 6, with Qg € R CP+3DxGp+3d) g5 gjven in Equation (88),

[FEQ], - ] = o, (Vormn D ).

Proof. Recalling the definitions of H, H and Qy, the triangle inequality yields
[FiQk — H| < [XQT - x| + (6 - G) W]+ [cXQ" - GX|
+[(G* - G?) W|| + |G*XQT - GX .

The result then follows from the same argument as in Lemma 26, using Lemma 17 in place
of Lemma 18. O

Lemma 28. Suppose that Assumptions 1 through 3 hold. Then under either the peer contagion
model in Equation (4) with Assumption 5 or the latent contagion model in Equation (6) with
Assumption 6, with H and H as given in Definition 3 and Equation (87), respectively, and with
Qy € R3P+3p+d g5 ojven in Equation (88),

[FEQ, - H] = o, (Vormn D ).

Proof. Recalling the definitions of H and H and applying the triangle inequality,

[FQf, - 1] < [xQ" x| + & (%Q" ~X)| + |62 (XQ” ~x)] < 3[%Q" X

7

where the second inequality follows from submultiplicativity and the fact that |G| = 1.
Applying Lemma 15 with B = I followed by our assumption in Equations (20), (28)
and (21),

CVv + b2Jnlogn N Cx(P)(v + bz)nlogzn

HQL - H| < = 0, (V).
” ” \/g 53 /2 p
Applying our growth assumption in Equation (30) completes the proof. O

Lemma 29. Suppose that Assumptions 1 through 3 hold. Then under either the peer contagion
model in Equation (4) with Assumption 5 or the latent contagion model in Equation (6) with
Assumption 6, with H and H as given in Definitions 3 and 4,

1 = ] = o, (Vormn (D).
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(3p+3d)

Proof. By the triangle inequality, letting Qg € R X(3p+34) be as given in Equation (88),

| — H| < [FiQ}, — H] + [FQ, - H],
and Lemmas 28 and 27 complete the proof. O

Lemma 30. Let u € R" be independent of A — P given X and suppose that Assumptions 1
through 4 hold. Then under either the peer contagion model in Equation (4) with Assumption 5
or the latent contagion model in Equation (6) with Assumption 6, with Q € RGP +3)xGp+3d)
as given in Equation (88),
[u” (HQY — H)| = o, (ul).

Proof. Recalling the definitions of H and H and applying the triangle inequality,

o (R~ D) < ™ (X0~ )]+ a7 (G- &) w] + " (X" -&x)] .
+[u" (G2 - G?) W[ + |uT (GXQT - G*X)|.

Applying Lemma 15 with B = u, followed by our growth assumptions in Equations (20), (28)
and (21),

_ ClulVv +b2logn L Cx®lullv + b?)ynlog® n

[u™ (XQ™ - X)) 5 o7 =o,(lul).  (96)
d d
Applying the SVD to W and using Lemma 21,
o7 (6 - @) W] = o, R ) < o, ), 97)

where the second equality follows from the growth assumption in Equation (28).
Similarly, by the triangle inequal)ity,

[u(G*-G?) W] < [uTG (G-G) W[ + [u"(G-G) GW|
<|"G(G-G)W|+[u"(G-G) (G-G)W| + [u" (G-G)GW]|.
Applying Lemma 21 to the first and third terms, recalling that IGl =1,
||W||||u||>

[a7 (6% -G*) W] < Ju" (G- G) (G- G) W] + %( i

By submultiplicativity,

[u™ (G? - G?)W| < Julliw||G — é”z N Op( ||W\/|gu||>

> (v + b)nlog?n (nwuuuu)
+OP - = |s

S
§C||u||||W||(1+ — ) =

mlnie[n] di minie[n] d?
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where the second inequality follows from Lemma 18. Applying our growth assumptions
in Equations (28) and (25),

ju™ (G2 = G2) W| = o, (Ilul). (98)
Again using the triangle inequality and submultiplicativy of the norm,
[o" (6XQT - GX)| < [u™ (G = G) X + [luT (G - G) (XQT - X)| +[u"G (XQT - X)].
Applying Lemma 21 and recalling that |X|| = O, (+/7) by Equation (28),
o7 (6%Q7 - &X)| < |u™ (6~ &) (XQT ~X)| + [u7& (X ~X)| + o hui.

By Lemma 15 with B = G "u and our growth assumptions in Equations (20), (28) and (21)
and recalling that IGl =1,

P ~ PRGN X
o7 (6XQ7 - &X)| < |07 (6-8) (xQT - X)| +o,( T ). (o9)

By submultiplicativity and Lemma 18,

Vv + b?Vilogn

min;e(, d;

o7 (G- &) (XQ" - X)| < Clul (1 P )

min;e, d;

[xQT -x|.

Applying Lemma 15 with B = I and collecting terms,
[u (G- G) (xQ" - X

s
5C||u||(1+ L )
mlnie[n]di

v+ b)nlog’n  x(P)(v+ b2)32n3/210g> n]

) 7 32 . =
\/s—dmlnie[n] di Sd/ mlnie[n] di
< Clul S (v + b2)nlog2 n  xk(P)(v+ b?)3/2u3/2 log3 n}
u
— . 7 . 7 3/2 . 7 4
mlnie[n] di \/S—dmlnie[n] di Sd/ mlnie[n] di

where the second inequality follows from the fact that s; is an upper bound on the mini-
mum degree. Applying our growth assumptions in Equations (23), (28), (23) and (24),

o™ (6 - &) (%Q7 - X)] = 0, Gui.
Applying this to Equation (99),
[u™ (GXQT — GX)|| = 0, (I1ull). (100)

By an argument parallel to that yielding Equation (98), this time using the growth
assumption in Equation (28),

[u™ (G? - G?) X| = 0, (Ilul). (101)

Applying Equations (96), (97), (98), (100) and (101) to Equation (95) completes the
proof. O
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Lemma 31. Suppose that Assumptions 1 through 3 hold. Let H and H be as given in Definition 3
and Equation (86), respectively, and let u € R" be independent of A — P given X. Then under
either the peer contagion model in Equation (4) with Assumption 5 or the latent contagion model
in Equation (6) with Assumption 6, with Qg € RGP+3DxGp+34) g5 ojven in Equation (88),

luT (HQ}; — H)|| = 0, (Ilul).
Proof. Recalling the definitions of H and H and applying the triangle inequality,
o™ (FQF ~ )] = Ju™ (07 ~X)] + [u” (G- &) W] + [u™ (GXQ" &X)]
+[u” (G2 - G?) W] + [juT (GZXQT - G2X))|.

The result then follows from an argument analogous to that in the proof of Lemma 30,
using Lemma 17 in place of Lemma 18 and Lemma 20 in place of Lemma 21. ]

Lemma 32. Suppose that Assumptions 1 through 3 hold. Let H and H be as given in Definition 3
and Equation (87) and let u € R" be independent of A — P given X. Then under either the peer
contagion model in Equation (4) with Assumption 5 or the latent contagion model in Equation (6)
with Assumption 6, with Qy € RGP+3xCr+34) g5 ojven in Equation (88),

[u (AQ]; — H)|| = 0, (lul).

Proof. Recalling the definitions of H and H from Definition 3 and Equation (87), respec-
tively, and applying the triangle inequality,

o™ (HQL — H)|| < o™ (XQT = X) ||+ Ju"G (XQT - X)[ + [u"G? (XQ" - X))
Three applications of Lemma 15 with B = u, B = GTu and B = (G?)Tu yields, after
recalling that |(G2?) Tul| < |G ul| < |u] since |G| = 1,

- CllulVv + b2 logn | Cr®) (v + b2)ynlog n

Fi 5

Applying the growth assumptions in Equations (20), (28) and (21) completes the proof.
[

o (QE - H)|

Lemma 33. Let u € R” be independent of A — P given X and suppose that Assumptions 1
through 3 hold. Then under either the peer contagion model in Equation (4) with Assumption 5
or the latent contagion model in Equation (6) with Assumption 6,

JuT (8~ F)| = o, (VI ).

Proof. Letting Qg € RGP+3DxBp+34) be a5 in Equation (88), the triangle inequality yields

o~

Ju” (0 - H)| < [[u’ (HQ}, - H)| + Ju" (HQ}; - H)

7

and Lemmas 32 and 31 complete the proof. O
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F Controlling Projections

Here we collect results controlling the projection matrices used in our two-stage least
squares estimators. Our primary task is to relate the projection M, from Definition 4 and
the projection M, from Definition 4, to their oracle versions,

M=H(H'H)H, (102)
and

M=HHTH)"'HT, (103)
where H € R"™3P*3% i5 a5 defined in Equation (86) and H is as defined in Equation (87).

Lemma 34. Suppose that Assumptions 1,2, 3 and 4 hold. With M as given in Definition 4 and
M as defined in Equation (102), under either the latent contagion model in Equation (6) with
Assumption 6 or the peer contagion model in Equation (4) with Assumption 5,

o~ 1
- 8 = o ().
Umin(H)
Proof. Let and Ug and Uy be the left singular vectors of H and H, respectively. Since M
and M are projection matrices,

M = UzUL
M = UzUL.

Uy and Ug are the eigenvectors of HH' and HH' respectively, and thus by the Davis-
Kahan sin ©® theorem (Bhatia, 1997; Y. Yu, Wang, and Samworth, 2015),

C ||HHT HT||
Oain (H)

where H is as defined in Equation (86) and H is as in Definition 4.
Let Qg € R3P+d>3(+d e a5 in Equation (88), and recall that Qy is orthogonal by
construction. By the triangle inequality,

M - 8] = |ugUg - UgUg| < : (104)

[T - BHT| = [AQLQuAT ~ B < 2|(HQf, - H) BT + Aoy, - A"
Controlling the first term with Lemma 30 and the second term with Lemma 26,
[HHT — HH|| < 0, (IHII) + 0, (min (D)) = 0, (IHI),

where we have used the growth rate in Equation (28). Applying this to Equation (104),

— o~ K(ﬁ)
¥t 5 = o, (<)
O-min(H)
Our growth assumption in Equation (30) completes the proof. O
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Lemma 35. Suppose that Assumptions 1, 2 and 3 hold. With M as given in Definition 3 and
M as defined in Equation (102), under either the latent contagion model in Equation (6) with
Assumption 6 or the peer contagion model in Equation (4) with Assumption 5,

— 1
8- ¥ = — )
O-min(H)
Proof. The proof follows by the same argument as in the proof of Lemma 34, using Lem-
mas 31 and 27 in place of, respectively, Lemmas 30 and 26. Details are omitted. O

Lemma 36. Suppose that Assumptions 1, 2 and 3 hold. With M as given in Definition 3 and
M as defined in Equation (103), under either the latent contagion model in Equation (6) with
Assumption 6 or the peer contagion model in Equation (4) with Assumption 5,

¥ -M = o 5 )

Umin(H)

Proof. The proof follows from the same argument as Lemma 34, using Lemmas 32 and 28
in place of, respectively, Lemmas 30 and 26. Details are omitted. O

Lemma 37. Suppose that Assumptions 1, 2 and 3 hold. With M as defined in Equation (103)
and M as defined in Equation (102), under either the latent contagion model in Equation (6) with
Assumption 6 or the peer contagion model in Equation (4) with Assumption 5,

M~ ¥ = o, —= )
Umin(H)
Proof. The proof follows from the same argument as Lemma 34, using Lemmas 33 and 29
in place of, respectively, Lemmas 30 and 26. Details are omitted. O

Lemma 38. Suppose that Assumptions 1,2, 3 and 4 hold. With M as given by Definition 3 and
M as defined in Equation (103), under either the latent contagion model in Equation (6) with
Assumption 6 or the peer contagion model in Equation (4) with Assumption 5,

[ M = o, —— |
o Umin(ﬁ) .
Proof. Applying the triangle inequality,

[ M| < 71— M| + [ - M

and Lemmas 34 and 37 complete the proof. O

G Controlling the Design Matrices

The following results are aimed toward controlling the behavior of our design matrices
Z,7,7 and Z, as well as their interactions with the projections onto the span of the in-
strument (i.e., M, M, M and M) As in our results on latent position estimation in Ap-
pendix B, we must account for the rotational non-identifiability of the latent positions.
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This is achieved via an orthogonal matrix Qz € R *+P+dx2+p+d) defined according to

1 lep O1xd 0

0 I 0 0
— px1 pXp pxd , 105
Qz Ogx1 dep Q Ogx1 ( )

0 lep led 1

where Q € R%* is the orthogonal matrix guaranteed by Lemma 15.

Lemma 39. Suppose that Assumptions 1, 2, 3 and 4 hold, Then under either the latent conta-
gion model in Equation (6) with Assumption 6 or the peer contagion model in Equation (4) with
Assumption 5, with Qz € RZ+P+Dx2+p+d) 45 ojven by Equation (105),

HZQ} - z” = Op(amin(mz))-

Proof. Recalling the definitions of Z and Z from Definition (4) and Equation (110), respec-
tively, the triangle inequality and construction of Qz imply

20} -2 < [xQ" X +[(G - &) ¥ (106

Applying Lemma 15 with B =1,

Q"X <

Cvnvv + b?logn N Cx(P)(v + bz)nlog2 n
i S
and our growth assumptions in Equations (20) (28) and (21) imply
IXQ™ = X|| = 0, (V1) = 0, (0in(MZ)), (107)

where the second equality follows from our assumption in Equation (29) z Submultiplica-
tivity and Lemma 18 yield

PO s Y|V + b?Vrlogn
H(G—G)YHSC(1+ ! ~)” ” 5% = 0,11,

min;e, d; min;e,) d;

where the equality follows from our growth assumption in Equation (25). Using Lemma 23

or Lemma 24 to control |Y| = ()p(\/ﬁ) depending on whether latent contagion or peer

contagion, respectively, is assumed,
I(G = G)Y|| = 0,(V71) = 0, (01min(MZ)),

where the second equality follows from our growth assumption in Equation (29). Apply-
ing this and Equation (107) to Equation (106) completes the proof. O

Lemma 40. Suppose that Assumptions 1, 2 and 3 hold. Then under either the latent contagion
model in Equation (6) with Assumption 6 or the peer contagion model in Equation (4) with As-
sumption 5, with Qz € R @ P+dx2+p+d) g5 iy Fauation (105),

1ZQY - Z|| = 0, (7in(MZ)).
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Proof. Recalling the definitions of Z and Z from Definition (3) and Equation (110), the
triangle inequality implies

207 - 2| < [xQ" -X| + (G - &) ¥

The proof then follows by the same argument as in Lemma 39, using Lemma 17 in place
of Lemma 18. O

Lemma 41. Suppose that Assumptions 1, 2 and 3 hold. Then under either the latent contagion
model in Equation (6) with Assumption 6 or the peer contagion model in Equation (4) with As-
sumption 5, with Qz € R@FP+Hx2+p+d) 45 iy Fauation (105),

”\Z/Q} - ZH = Op(Umin(Mz))-

Proof. Recalling the definitions of Z and Z from Definition (3) and Equation (129) and
using the definition of Qy, the triangle inequality implies

[2Q% - z| < [XQT - X + G - &) Y| = [XQ" - X]. (108)

Applying Lemma 15 with B =1,

Cvnvv + b%logn N Cx(P)(v + bz)nlog2 n
= )

\/—d 3/2

1ZQ; - 7| <
Sa
Applying our growth assumptions in Equations (20), (28) and (21),
[2Q% - 2| = o, (v),

and our growth assumption in Equation (29) completes the proof. O

Lemma 42. Suppose that Assumptions 1, 2 and 3 hold. Then under either the latent contagion
model in Equation (6) with Assumption 6 or the peer contagion model in Equation (4) with As-
sumption 5,

12 - 2| = 0, (1IMZ).

Proof. Recalling the definitions of Z and Z from Equations (129) and (110), respectively,
the triangle inequality implies

1Z-Z|<|(G-G)Y].

The proof then follows by the same argument as given in the second half of the proof of
Lemma 39, using Lemma 17 in place of Lemma 18. l

Lemma 43. Suppose that Assumptions 1, 2, 3 and 4 hold. Then under either the latent conta-
gion model in Equation (6) with Assumption 6 or the peer contagion model in Equation (4) with
Assumption 5, with Qz € RZ+P+dx2+p+d) 45 iy Fquation (105),

[2Q% - 2| = o, (1M21).
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Proof. By the triangle inequality,

|20} - 2| < |20, - 2] + |2~ 2],
and Lemmas 39 and 42 complete the proof. O

Lemma 44. Suppose that Assumptions 1, 2, 3 and 4 hold. Then under either the latent conta-
gion model in Equation (6) with Assumption 6 or the peer contagion model in Equation (4) with
Assumption 5, with Q € RZHP+dx2+p+d) g5 ajven by Equation (105),

[MZQZ, ~ MZ]| = 0, (0imin (MZ)).
Proof. By the triangle inequality,
IMZQ}, - MZ|| < (M — M)Z]| + | M (ZQ} - Z)|| (109)
Since M is a projection, submultiplicativity and Lemma 39 yields
[¥1(2Q} ~ 2)] = 0, (¢ (Mi2)).
Similarly, submultiplicativity and Lemma 34 yield

V4]

R R

) = 0, (T min(MZ)),
where the second equality follows from our growth assumptions in Equations (30) and (29).
Applying the above two bounds to Equation (109) yields the desired result. O

Lemma 45. Suppose that Assumptions 1, 2 and 3 hold. Then under either the latent contagion
model in Equation (6) with Assumption 6 or the peer contagion model in Equation (4) with As-
sumption 5, with Qz € R+P+Dx2+p+d) g5 ojven by Equation (105),

IMZQJ, — MZ| = 0, (0in (MZ)).

Proof. The proof follows by the same argument as Lemma 44, using Lemma 40 in place of
Lemma 39 and Lemma 35 in place of Lemma 34. O

Lemma 46. Suppose that Assumptions 1, 2 and 3 hold. Then under either the latent contagion
model in Equation (6) with Assumption 6 or the peer contagion model in Equation (4) with As-
sumption 5, with Qz € R @P+dx2+p+d) gg ojven by Equation (105),

IMZ — MZ| = 0, (0 (M2)).

Proof. The proof follows the same argument as the proof of Lemma 44, using Lemma 42
in place of Lemma 39 and Lemma 37 in place of Lemma 34. O
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H Convergence of Oracle Estimators

Our proofs of Theorems 1, 2, 3 and 4 rely on showing that the estimates § and @ are close
to “oracle” estimates based on using the true latent positions rather than estimates thereof
(see Sections I and ] below). The following theorem implies that these oracle estimates are
asymptotically normal about their population targets, so that we need only to show that
the four estimates listed above are close to the oracle estimates. This latter argument is
carried out in Sections I and ] below.

Theorem 6 (Theorem 3 of Harry H Kelejian and Ingmar R Prucha 1998). Under the peer
contagion model of Equation (3), suppose that Assumption 5 holds, so that

Y = (1-8,G) " (1,80 + Wy, + XBy +&).

Then
Ji(B—B) — N(0,02(ZTHZ) ).

An analogous result holds, replacing G with G, under Assumption 6 instead of Assumption 5.

I Latent Contagion Data Model

Here we provide proof details of Theorem 2 and 4, which describe the behavior of our es-
timators when the responses Y are driven by contagion on the graph structure encoded by
the latent positions X, i.e., what we have termed latent contagion, as given in Equation (6).
If we had access to this latent structure, we could construct oracle analogues of the es-
timator, where M is as defined in Equation (102) and, recalling the definition of Z from
Equation (11),
Z =[1, WX GY] € R™P+d+2), (110)
We begin by proving convergence of the latent contagion estimators under the latent

contagion data model. We give analogous proofs for the peer contagion estimators in
Section 1.2 below.

I.1 Latent Contagion Estimators

Our proof of Theorem 2 relies on showing that when the model in Equation (6) holds,
our estimator in Equation (10) is suitably close to an “oracle” version of the estimator that
uses Z, .

0=(Z"™™MZ)"! (MZ) Y. (111)
This is established in Lemma 47 for the TSLS estimator.

Lemma 47. Under the latent contagion model in Equation (6), suppose that Assumptions 1
through 4 hold. Then there exists a sequence of orthogonal matrices Qy € RZHP+x(2+p+d)
such that

Vi(Qz0 — 0) = 0,(1).
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Proof. Take Qz to be as in Equation (105). Recalling the definitions in Equations (10)
and (111),

Q.0 -6=[Q,Z™MZ)" (M2)' - ZTMZ)! (MZ)" |Y.

Using the fact that Qy is orthogonal, the triangle inequality yields
s TR — o T
|Q20 - 8] < |Qz(Z™MZ)-1Q] (MZQ], - MZ) Y|
o o T (112)
+ |[Qz@2™™M2Z)-1Q] - Z™™MZ)~1] (MZ) Y.

We will control each of these right-hand terms separately.

Controlling the first term in Equation (112)
By submultiplicativity and unitary invariance of the norm,

MZol-M2Z)'Y|| cl|(MzQl-MZ) Y
Jou 28120 siz0; iz |« (P22 MY IR M) M

min min

where the second inequality follows from Weyl’s inequality and Lemma 44. Using our
assumption in Equation (29), it follows that

c|(Mzq}, - Mz)' v

|0zZz™™M2)-1Q}, (MZQ], - MZ) ' Y| < . (113)
By the triangle inequality,
|(MZQ}, - MZ)' Y| < Q.27 (M - M) Y| +(2Q} - Z) MY]. (114)
Again using the triangle inequality,
|QzZT (M -M) Y| <|(ZQ, -2)" (M- M) Y|+ ]2 (M-M)Y]|. (115)

By submultiplicativity, Lemma 34 and the assumptions in Equations (30) and (29),

VAN )

Umm(ﬁ) B Op(ﬁ)l

27 (31-50)v] = o,

where we have used Lemma 23 to ensure |Y| = O. (\/ﬁ), Using submultiplicativity fol-

4
lowed by Lemmas 34 and 39,

~

|(ZQ} -2)" (M - ™) Y| < |20}, - Z] |M - ] ] = OP(M

Umin (I—NI)

) = 0,(V1),

where the last equality follows from the growth assumption in Equation (30) and using

Lemma 23 to ensure ||[Y| = Qp(ﬁ).
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Applying the above two displays to Equation (115),
1QzZT (M —M) Y| = 0, (V).
Applying this to Equation (114),

|(MZQ} - MZ)" ¥ < |(ZQ}, - Z)" Y] + o, (viD). (116)
Recalling the structure of Z and Z from Definition 4 and Equation (110), respectively,
and applying the triangle inequality,

|z} - 2)™™My|| <

|(XQT —X)"MY| + [YTM(G - G)Y|. (117)
Applying Lemma 15 with B = My, noting that IMY]|| < ||Y| since M is a projection,

Vv + b2logn K(P)(v+b2)nlog2n
+ 55 = 0,(Vn),
Vsa Sd

where the second equality follows from the growth rates in Equations (20), (28) and (21)
and using Lemma 23 to ensure [[Y|| = Op ( Jn )

Noting that Y is independent of A — P given X under the latent contagion model,
Lemma 21 yields

IXQT —X)TMY| < QY] (

— o~ o~ ||Y||2
T _ _
|Y M(G G)Y| = op( - ) = op(\/n),
where we have used the fact that [MY| < Y|l trivially and again used Lemma 23 to ensure

IYIl = O, (Vn). Applying the above two displays to Equation (117),
|20 - 2)75Y] = o, (7).
Applying this to Equation (116), and applying the resulting bound to Equation (113),
1

|ozZz™™M2)' Q] (MZQ}, - MZ)' Y” - op<ﬁ). (118)

Controlling the second term in Equation (112)

By Lemma 44 and our growth assumption in Equation (29), both Z"MZ and Z"MZ are
invertible with high probability for all n suitably large. Factoring appropriately, applying
submultiplicativity and recalling that M and M are projections,

|Q,Z2"™™MZQ; - Z™™MZ| | Z Y|
o2 (MZ)o2. (MZ) '

min min

||[Qz(2T1\7IZ>—1Q} —(Z™™MZ)" (MZ)' YH <

Using Lemma 44 again along with Weyl’s inequality, we can ensure that 0,,;,(MZ) =
Qp(amin(MZ)). Our growth assumptions in Equations (29) and (29), as well as using
Lemma 23 to ensure ||Y| = Qp(ﬁ), then yield

CllQZ™MzZQ}, - Z7MZ]|

lQ,[@™™Mz)-'Q} — Z™MZ)'] (MZ) Y| < .

(119)
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Adding and subtracting appropriate quantities and applying the triangle inequality,

1QzZ™ZQ] - Z™™MZ| < 2|(ZQ}, - Z)"MZ|+|Q,ZT (M - M)ZQJ||+||(ZQ} - Z)"M(ZQ}, - Z)).
120)

Decomposing ZQ}, — Z as in Equation (117),
1(ZQ} — 2)"™MZ| < |XQT - X)TMZ|| + |ZTM(G - G)Y|. (121)

Applying Lemma 15 with B = MZ and using the growth rates in Equations (20), (28)
and (21), N
|XQT — X)T™MZ| = 0,(IMZ|l) = 0,,(V7),

where the second equality follows from the fact that M is a projection and the growth
assumption in Equation (29). Using similar growth assumptions, this time with Lemma 21
and using Lemma 23 to ensure [[Y|| = O, (vn),

2TMG - OY| = op<”YLj;4Z”) = 0, (V7).

Applying the above two displays to Equation (121),
1(ZQ} - Z)"™™MZ| = 0, (V7). (122)
By submultiplicativity,

sz" (M - M2} < |20y M - M| < c |z} [ -

4

where the second inequality follows from Lemma 39, Weyl’s inequality, and the fact that
Omin(MZ) < 0in(Z), since M is a projection. Applying Lemma 34 and our growth as-
sumptions in Equations (30) and (29),
1QzZ™ (M - M)ZQJ || = 0, (V7). (123)
Using idempotence of M,
- T o ~ 5 12
|(zQ; -2)"™™M(ZQ - 2)|| = [MZQ; - Z)[". (124)

Recalling the definition of M from Equation (102) and applying submultiplicativity,

oo s [HT(ZQ; - 2)
M(ZQ! — 2| < -~ )
MzaQ; -2)] < Fin (H)

By an argument analogous to those controlling Equations (117) and (121) above,

- = o IH]|
o210 )

55



Applying this to Equation (124),
|2Q% - 2)"MZQ; - 2)| = 0, (+* (D),
and our growth assumption in Equation (30) yields
|(2Qz - 2)"™™M(ZQ} - Z)| = 0, (Vi) (125)
Applying Equations (122), (123) and (125) to Equation (120),
|QzZ™ZQ], - Z"MZ|| = 0,(V7).
Applying this to Equation (119),
[[Q.@™™2) Q] - @™M2)] (MZ) Y] = op(%) (126)

Applying this and Equation (118) to Equation (112) and multiplying through by v com-
pletes the proof. O

Proof of Theorem 2. By Theorem 6,
V(6 —6) - N(0,%(8))
Thus, it will suffice for us to show that
Vi(Qz0 — 0) = 0,(1).

This is precisely the content of Lemmas 47. O

I.2 Peer Contagion Estimators

Lemma 48. Under the latent contagion model in Equation (6), suppose that Assumptions 1
through 4 hold. Then there exists a sequence of orthogonal matrices Q; € RZFP+d)x2+p+d)
such that

ﬁ(QzﬁA — é) = Op(l).
Proof. Take Qy to be as in Equation (105). Recalling the definitions from Equations (8)
and (111),

QB -0=0Q,(ZT™MZ) Z™My — (ZTMZ) ™ ZTMY.

Applying the triangle inequality,
~ ~ o —1 —~— ~
28 - 8] < |, (z7M2) ™ @} (MZq], - M2) Y|
+|[z(zMz)" @} - (zTM2Z) | (M2) Y|
We will control each of these right-hand terms separately.
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Following an argument parallel to that given leading up to Equation (118) in the proof
of Lemma 47, but using Lemmas 45, 35 and 40 in place of Lemmas 44, 34 and 39, respec-
tively, we obtain

TN -1AT (V70T _ 7)) | v — 1
|Qzz™™M2)-1Q} (MZQ], - MZ) Y| = op< ﬁ).
Following an argument parallel to that leading to Equation (126) in the proof of Lemma 47,
but using Lemmas 45, 20, 40 and 35 in place of Lemmas 44, 21, 39 and 34, respectively,
yields

FTNI7 10T _ (7TNA 11 (M T vl = o [ L
|Qz[Z™™MZ)-1Q] - ZTMZ)~1] (MZ) Y| = op( ﬁ).
Applying the above two displays to Equation (127) and multiplying through by vn
completes the proof. O

J Peer Contagion Data Model

Here we provide proof details for Theorems 1 and 3, which describe the behavior of our
estimators when the responses Y are driven by contagion on the graph structure encoded
by the observed network A, i.e., what we have termed peer contagion, as given in Equa-
tion (4). The key challenge under the peer contagion model, as in the latent contagion
model considered in Appendix I, is that we do not have access to the latent positions X. If
we had access to this latent structure, we could construct oracle analogues of the estima-
tors in Equation (8),

B =(Z"™MZ)"'ZT™MY, (128)

where Z is given by

Z = [1, WX GY] € R™P**2) and H = [W X GW GX G?W G2X] € R"™*Gp+30)
(129)
and M is as defined in Equation (103).
We begin by proving convergence of the peer contagion estimators under the peer con-
tagion data model to establish Theorem 1. We give analogous proofs for the latent conta-
gion estimators in Section ].2 below.

J.1 Peer Contagion Estimators

Our proof of Theorem 1 relies on showing that when the model in Equation (3) holds, our
estimators are close to those in Equation (128). Lemmas 49 establishes this.

Lemma 49. Under the peer contagion model in Equation (4), suppose that Assumptions 1 through 3
and Assumption 5 hold. Then there exists a sequence of orthogonal matrices Qz € R (2+p+d)x(2+p+d)
such that

Vii(Qzp — B) = 0, (D).
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Proof. Take Qy to be as in Equation (105). Recalling the definitions from Equations (8)
and (128) and using the fact that Qz is orthogonal,

QB - f = Q; (ZTMZ) ' QJQ,Z"MY — (ZTMZ)"'ZTMY.
Applying the triangle inequality,
A A ST —1 .
|oz8 - B < |0z (27M2) ™ 0} (MZ0} - M2) " Y| o
130
+ ”[QZ (Z™MZ)" Q) - (zMz) "' | (MZ)" YH .

We will control each of these right-hand terms separately.

Controlling the first term in Equation (130)
By submultiplicativity and unitary invariance of the norm,

|(MZQ], - mz)' | ¢ |(MZq}, - mz)' |
Tain(MZ) - o2, (MZ)

|Qz(Z™™MZ)-1Q}, (MZQ], - Mz) ' Y| <

where the second inequality follows from Weyl’s inequality and Lemma 45. Using our
assumption in Equation (29), it follows that

c|(MzqQ} -mz)' |

|0z(Z"MZ)1 Q] (MZQ], - Mz) ' Y| < . (131)
By the triangle inequality,
|(MZQ}, - Mz)' Y| < |QzZT (M - M) Y| + |(ZQ}, - 2) ' mY|. (132)
Again using the triangle inequality,
|QzZT (M-M) Y| <|(ZQ, -2)" (M-M) Y| +[z" (M-M)Y]|. (133)

Using submultiplicativity followed by Lemmas 41 and 36,
. T = — Tunin(MZ) Y|
|20y - 2)" = (%1 - M) Y] < 20}, - 2] |31~ ] 1 = o, T2 ),
U-min(H)
Using the fact that M is a projection and applying our growth assumption in Equation (29),
we have 0,,,,(MZ) < |Z|| = Qp(ﬁ), and thus

Y]]
Umin(ﬁ)

0z~ -] (D) =antem. s

where the second equality follows from our growth assumption in Equation (30) and us-

ing Lemma 24 to ensure ||Y|| = Qp(\/ﬁ).
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Using Lemma 24 again, write Y =Y + {, where Y is independent of A — P conditional
on X with
Y[ = ©,(vn) and 12l = 0, (V7). (135)

Applying the triangle inequality,
|zZT (M-M) Y| <||zT (M-M)Y| + |27 (M-M) . (136)
By submultiplicativity, Lemma 36 and the assumptions in Equations (30) and (29),

— ~ IZIiYI ~
27 (%1 - M) X = o, L0 ) =0, (1) = o, (),

Umin

where the last equality follows from [[Y|| = O, (V7). Applying submultiplicativity, Lemma 36

p
and the fact that { = o, (vn),
J27 (3= M) g = o, 215 ) = 0, (),

where the second equality follows from our growth assumptions in Equations (30) and (29).
Applying the above two display equations to Equation (136),

IZllvn )
Jmin(ﬁ)

27 (M- M) Y] = 0, (7).
Applying this and Equation (134) to Equation (133),
1QzZT (M- M) Y| =0, (V).
Finally, applying this to Equation (132),
|(MZQ} - mz)" ¥ < |(ZQ}, - 2)" MY] + o, (viD). (137)
Recalling the structure of Z from Equation (129) and applying the triangle inequality,
|(ZQ} - z) " My| <1 (XQ7 - X) MY| + [YTM (G - G)Y| = (XQT - X) ' My,
Applying the triangle inequality and recalling M from Equation (102),
|(zQy -z)" mY| <1 (XQ" - X)" (M-M)Yi+1(XQ" - X) MYl (138)
By submultiplicativity followed by Lemmas 15 and 37,

|(xa™-x)" (M-8)¥| < [XQ" - x| - W11

Y 1Yl | Vv+b?vnlogn N K (P)v+b*)n3/2 logzn
o7 Umin(ﬁ) \/@ 52/2
= Op(‘/ﬁ)'

(139)
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where we have used Lemma 24 to ensure that ||Y| = Qp(\/ﬁ) and the growth rates in
Equations (20), (28), (21) and (30). Applying this to Equation (138),
[(ZQ7 - 2)™™MY| < IXQT - X) MYl + 0, (V7). (140)

o~ sowToes—1 o~
H' and using submultiplicativity,

|XQ™ —x)TH]| |H] 1Y _ KD |XQT — Xx)TH| ||

IXQT —X)TMY| < _ < _
O-I%lill(H) O-min(H)

Applying Lemma 15 with B = H and using Lemma 24 to ensure that [[Y| = O, (vn),

x(H) vallH|| | Vv + b2logn N k(P)(v + bz)nlog2 n
Umin(ﬁ) \/5 SZ/Z .

Applying our growth rates in Equations (20), (28), (21) and (30),

IXQT —X)TMY| <

IXQT —X)TMY| = 0, (V7).
Applying this to Equation (140),

1(ZQ} — Z)™™MY| = 0, (V7).
Applying this to Equation (137) in turn,

e T

|(MZQ] - M2Z) Y| = o, (V7).
Finally, applying this bound to Equation (131),
1

|Q,Z™™MZ)-10 (MZQ}, - Mz) " Y| = op<ﬁ), (141)

Controlling the second term in Equation (130)

By Lemmas 45 and 46 along with our growth assumption in Equation (29), both ZT MZ
and ZTMZ are invertible with high probability for all n suitably large. Thus, factoring
appropriately, applying submultiplicativity and recalling that M and M are projections,

|QzZ™™MZQ}, — ™Mz |Z| ||Y)|
o2 (MZ)o2, (MZ) '

min

ST ar —1
H[Qz (ZT™MZ)" Q- Z"™MZ)~ | M2Z)T YH <
Using Lemmas 45 and 46 again along with Weyl’s inequality, we can ensure that
o-min(M\Z/)a-min(MZ) = Qp (U'I%un(MZ) ),

so that our growth assumption in Equation (29), along with Lemma 24 yield

C|lQzZ2™™ZQ}, - z"mz|||z|

[[Q(Z™™MZ)~1Q], - (z"MZ)'] (M2)T Y| < e
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Applying Lemma 42, Weyl’s inequality and our growth assumption in Equation (29),

C|lQzZ™ZQ}, — z"MZ||

I[Qz(Z™™Z)~1Q} — (z™MZ)~'| MZ) Y|| < n

(142)
Adding and subtracting appropriate quantities and applying the triangle inequality,
|QzZ™ZQ] - 2™MZ| < 2|(ZQ}, - Z) "MZ|+|Q,ZT (M — M)ZQJ||+||(ZQ} — Z)"M(ZQ}, - Z)).
Decomposing ZQ}, — Z as in Equation (138), =
1(ZQ} — 2)™MZ| < |XQT - X)TMZ|| + |ZTM(G - G)Y| = |[(XQ" — X)"MZ]|.
Applying the triangle inequality,
1(ZQ} — 2)"™MZ| < |XQT - X)T (M — M) Z| + |[(XQT — X)TMZ|. (144)

By submultiplicativity followed by Lemmas 15 and 37,

y 2 2 2
||<7<QT—x>T(M—M)Z\ISop( T2 v log”)w ( 121 _x®)(+bnlog ”),

O-min(ﬁ) \/@ s O'min(ﬁ) 53/2

and the growth rates in Equations (20), (28) and (21) yield

. . JlZ| Iz

where the second equality follows from Lemma 42 and our growth assumptions in Equa-
tions (29) and (30). Applying this to Equation (144),

1(ZQ} — 2)™™MZ| < ||XQT - X)TMZ| + 0, (V7).
Recalling the definition of M from Equation (102) and applying submultiplicativity,

|XQT —X)TH|| x(H) 1ZI
Umin(ﬁ)

|(ZQ} — z)™™mZ| < +0, (V7).

Applying Lemma 15 with B = H and using Equations (20), (28), (21) and (30),
1(ZQ} — 2)™™Z| < 0,(IZI) + 0, (V).
Applying Lemma 43 and our growth assumption in Equation (29),
|(ZQ} - 2)"™MZ| = 0, (V7), (145)

By submultiplicativity followed by Lemma 40, Weyl’s inequality, and the fact that
Oinin(MZ) < Tin(2),

7

0227 ¥ - MZQy | < || [V~ M| < c |Z]" [V~ m
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Applying Lemma 36 and our growth assumptions in Equations (30) and (29),
1QzZT™ (M - M)Z|| = 0,(V7). (146)
Using idempotence of M,
- = = 2
|(ZQ; -2)™(Z - 2)| = [MZQ; - 2)| . (147)

Applying the triangle inequality and using submultiplicativity,

[MZQ7 - 2)] < [MZQZ - 2] + M - M |27 - Z| < [M(ZQ} - z>\|+op( M2 )

Tmin (ﬁ)

where the second inequality follows from Lemmas 41 and 34. Recalling that M is a pro-
jection and applying our growth assumptions in Equations (29) and (30),

IM(ZQ], - Z)|| < [M(ZQ], - Z)| + 0, (D).

Recalling the definition of M from Equation (102) and applying submultiplicativity,

IM(ZQ}, - Z)|| < ) ; |H™(ZQ} - 2)| + 0,(1). (148)

Tpnin (H
Recalling the structure of Z and Z from Definition 3 and Equation (129), respectively,

[HT(ZQ} — z)| < [HT (XQ" - X)|| + [HT (G - G) Y| = [HT (XQT — X)

7

and Lemma 15 implies, using our growth assumptions in Equations (20), (28) and (21),
[H7ZQ% - 2)|| = o, (JH)-
Applying this to Equation (148) and applying our growth assumption in Equation (30),
IM(ZQ}, - 2)|| = 0, (D).
Applying this in turn to Equation (147),
I(ZQ} — 2)™™M(ZQ), — Z)| = 0,(1). (149)

Applying Equations (145), (146) and (149) to Equation (142),
e 1
Z™™MZ)7'Q}, — (Z™MZ)"' ] (MZ)" Y| = (-) 150
[Q:Z"M2) '@} — Z"M2) ] MDY =0, (150)

Applying this and Equation (141) to Equation (130) and multiplying through by v com-
pletes the proof. O
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J.2 Latent Contagion Estimators

We now establish corresponding results for the behavior of the latent contagion estimators
when the peer contagion model is true.

Lemma 50. Under the peer contagion model in Equation (6), suppose that Assumptions 1 through 4
hold. Then there exists a sequence of orthogonal matrices Qz € R Z+P+xC+p+d) gy that

Vii(Qz0 — B) = 0,(1).

Proof. Take Qz to be as in Equation (105). Recalling the definitions in Equations (10)
and (128) and using the fact that Qz is orthogonal,

Q.0 - f=(Q,Z™M2)"'Q}, (M2Q}) ' - (Z2'MZ)"' (MZ)"] Y.
Simplifying and applying the triangle inequality,
|Q26 - B < |Qz2(Z"M2Z)-'Q}, (MZQ], - Mz) ' Y| (151
+[[Qz(Z™™Z)~1Q} — (z"TMZ)'| (MZ)T Y|

We will control each of these right-hand terms separately.

Controlling the first term in Equation (151)
By submultiplicativity of the norm,
|(MZQ], - mz)' | ¢ |(MZq}, - mz)' |
o2, (MZ) - 02, (MZ)

min

|QzZ™M2)-1q} (MZQ], - Mz) " Y| <

where the second inequality follows from Weyl’s inequality and Lemma 44. Using the
growth assumption in Equation (29), it follows that

c|(Mzq} -mz)' |

|Qz(Z™™M2)1Q} (MZqQ}, - MZ)' Y| < . (152)
By the triangle inequality,
|(MZQ}, - Mz)' Y| < Q227 (M- M) Y| + |(ZQ, - 2)  MY|. (153)
Again using the triangle inequality,
|Q2ZT (M-M) Y| <|(ZQ,-2)" (M-M) Y| +[Z" (M-M)Y]|. (154)

Using Lemma 24 to write Y = Y+, whereYand { obey the growth rates in Equation (135)
and Y is independent of A — P conditional on X,

|27 (M-M)Y| < [ZT (M-M)Y| +[Z7 (M-M){].
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Controlling the first term using Lemma 38 followed by the growth assumptions in Equa-

tions (30) and (29), and using Lemma 24 to ensure that ||Y|| = O, (vn),

IZINY|
O pnin ()

27 (5= M) Y] < 27 (9 - M) ]+ 0y 20 ) < 27 (- M) ] 0, (v

Applying submultiplicativity to the first term followed by Lemma 38, recalling that

1Z]| v
O'min(H)

27 (M- Mm)Y| s%( )+op(m) = 0,(vA),

where the equality follows from the growth assumptions in Equations (29) and (30).
Using submultiplicativity followed by Lemmas 43 and 38,

~

”(/Z\Q} —Z = 0,(V1),

)" (%= M) Y] = 207 - 2] - M 1) = o, P SET

Umm(ﬁ)

where the last equality follows using Lemma 24 to ensure [|[Y|| = Qp ( vn ) and the growth
assumption in Equation (30). Applying the above two displays to Equation (154),

1QzZT (M —M) Y| = 0, (V7).

Applying this to Equation (153),

|(MZQ} - Mz)" ¥ < [(ZQ}, - 2)" MY] + o, (viD). (155)

Applying the triangle inequality,
- T = P = T ~
|(zaQy -2) my| <|(zQ}-2) ™Y|+|(ZQ}-2) (M-M)Y|.

Applying submultiplicativity to the second term followed by Lemmas 43, 37 and using
Lemma 24 to ensure Y| = O, (V7),
Vi IMZ|

|20} -2)" my| < |20} - 2)" My o, (L

) = |(2Q} - 2)" #Y| + o, (),

where the second equality follows from our assumptions in Equations (29) and (30). Ap-
plying this to Equation (155),

|(MZQ] - mz)" ¥ < |(ZQ}, - 2)" MY + o, (viD). (156)

Recalling the structure of Z from Equation (129) and applying the triangle inequality,

1(ZQ} - 2)"MY| < IXQT — X)™MY| + [YTM(G - G)Y|. (157)

Recalling the definition of M from Equation (102), and applying submultiplicativity,

| QT — X TH] || |

Oapin (FD)

min

IXQT —X)TMY]| < <C|xQT-x)TH

4
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where we have used our growth assumption in Equation (30) and used Lemma 24 to
bound [[Y|| = O, (V). Applying Lemma 15 with B = H and using our growth assump-
tions in Equations (20), (28) and (21),

IXQT — X)T™™MY|| = o, (|H|) = 0, (V7), (158)

where the second equality follows from our assumptions in Equation (30). Applying this
to Equation (157),

1(ZQ} - 2)™™MY|| < [YTM(G - G)Y| + 0,(V7).
Applying this to Equation (156),
|(MZQ] - Mz)" Y| < YTM(G - G)Y| + 0, (V7). (159)
Recalling the definition of M from Equation (102) and applying submultiplicativity,

1Yl (FI)
Umin(ﬁ)

[YTM(G -G)Y| < [H™(G - G)Y| <C|HT(G - G)Y|,

where the second inequality follows from our assumptions in Equation (30) and using
Lemma 24 to ensure [[Y| = O,(V%). Applying Lemma 25 with u = H and using our
growth assumption in Equation (30),

[YTM(G — G)Y| = 0, (IF|l) =0, (V7).
Applying this to Equation (159) and applying the resulting bound to Equation (152),

”QZ(ZTMZ)—lQ} (MZQ), — MZ)' Y” = op<%). (160)

Controlling the second term in Equation (151)

By Lemmas 44 and 46 and our growth assumption in Equation (29), both Z"MZ and
Z"MZ are invertible with high probability for all n suitably large. Thus, factoring appro-
priately, applying submultiplicativity and recalling that M and M are projections,

Q;Z™MZQ}, — Z"MZ| |Z| ||Y]|
2. (MZ)o2. (MZ) '

min min

[[QzZ™M2)~'Q} - zTM2) | (M2) T Y] < |

Using Lemmas 44 and 46 again along with Weyl’s inequality, we can ensure that

Omin(MZ) 0 (MZ) = Q,, (02, (MZ)).

min

Our growth assumptions in Equations (29) and (29), as well as Lemma 24 then yield

C|lQzZ2™ZQ}, — z"MmZ||

[Qz(Z™MZ)~'Q} ~ z™™M2) ] (M2)T Y| < T

(161)
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Adding and subtracting appropriate quantities and applying the triangle inequality,

1QzZ™ZQ], - 2™MZ| < 2|(ZQ} - Z)"MZ|+|Z" M - M)Z||+|(ZQ}, - Z)"M(ZQ], - Z)||.
162)
Applying the triangle inequality followed by submultiplicativity,

IMZ)|||1Z|| )

1(ZQ} - z)™™MZ| < |(ZQ} - Z)"™™MZ|+|ZQ}, - z|||M - M|zl = | (ZQ}, - Z)TIVIZ||+op( -
Umin(H)

Controlling || Z|| with Lemma 42 and Weyl’s inequality and using using our growth as-
sumptions in Equations (29) and (30),

1(ZQ} - 2)"Mz|| < ||(ZQ}, - 2)"MZ|| + 0, (V7).
Decomposing Z — Z as in Equation (157),
|(ZQ} — z)™™MZ| < ||XQT - X)T™MZ| + |ZTM(G - G)Y| + 0, (V7). (163)
Recalling the definition of M from Equation (102) and using submultiplicativity,

x(H) (X = X) TH]| 1z
Umm(ﬁ)

|XQT —x)™™MZ| < =0, (IZI),

where we have used Lemma 15 with B = H along with the growth rates in Equation (20) (28), (21),
and (30). Applying Lemma 42, Weyl’s inequality and our growth assumption in Equa-
tion (29),

|XQT —X)™™MZ| = 0, (V7).

Applying this to Equation (163),
1(ZQ} — 2)™™MZ| < ||Z"™M(G - G)Y| + 0, (V7).

Again using the definition of M and submultiplicativity,

|20} - 7)7m7] <

IZ) % (H) ey L
=~ [[A7 (G - &)Y +0,(v1) < C[HT(G ~ G)Y| + 0, (vA),

min )

Applying Lemma 25 with u equal to each of the columns of H and using our growth
assumption in Equation (30),

1(ZQ} - 2)™MZ| = 0, (V7). (164)
By submultiplicativity,

.2 - )2} < |20 [t~ M < Cl2 ¥ -

7
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where the second inequality follows from Lemma 39, Weyl’s inequality, and the fact that
Omin(MZ) < 0in(Z), since M is a projection. Applying Lemma 38 and our growth as-
sumptions in Equations (30) and (29),

|QzZ™ (M - M)ZQ]|| = 0, (V7). (165)
Using idempotence of M,
|zQ} - 2™MZQ] - 2)| = [MZQ] - 2| . (166)
Applying the triangle inequality and submultiplicativity,
[MZQ} - )] < ¥ (205 - )] + M~ W] [20] ~ 7] < [ (20} ~ 2)] + 0,1,

where the second inequality follows from Lemmas 37 and 43 along with our growth as-

sumptions in Equations (30) and (29). Recalling the definition of M from Equation (102)

and applying submultiplicativity,

x(H) [HT(ZQ} - 2)|
O-min(H)

IM(ZQ} - z)| < +0,(1).

An argument parallel to that leading up to Equation (164) yields
[ (20, - 2] = o, (v7),
from which our growth assumption in Equation (30) yield
IM(ZQJ, - 2)|| = 0, (D).

Applying this to Equation (166),

|(2Q% - 2)"™M(ZQ}, - 2)[ = 0, (1). (167)

Applying Equations (164), (165) and (167) to Equation (162),

|QzZ™™ZQ], — Z"MZ|| = 0,(V7).

Applying this to Equation (161),
SR 1
[Qz(Z™™MZ)~1Q} — (z™MZ)~' | (MZ)" Y| = op<ﬁ>. (168)

Applying this and Equation (160) to Equation (151) and multiplying through by v com-
pletes the proof. O
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K Projection Equivalence

Here, we prove Theorem 5, which concerns asymptotic equivalence of the projection pa-
rameters defined in Equation (14). We handle the two different model settings of Theo-
rem 5 in two different lemmas below. Recall that E4 indicates that an expectation is with
respect to a true underlying peer contagion process (3) and E, indicates that the expec-
tation is with respect to a true underlying latent contagion process (5). We note that our
results on (approximate) projection equivalence do not require the same assumptions as
our first four Theorems, but holds under slightly weaker assumptions. For example, in-
stead of the subgamma edge behavior of Definition 1, we require only that the edge noise
has bounded second moment.

K.1 Projection equivalence under latent contagion

Here we prove projection equivalence when the true data generating model is latent con-
tagion, as described in Equation (6). For ease of notation, define the sample covariance
matrices

« Lo o 1
L=-ZZand L=-ZTZ (169)

as well as .
E=(I1-6,G) €R™ and L=1,6)+ W80, +X6,. (170)

Lemma 51. Under the latent contagion model in Equation (6), suppose that Assumptions 6, 7, 8
and 9 hold. Then

|Eo[Z7Z] " Eo[ZTY] ~ Eo[27Z] " Eg[Z7Y]| = 01/,
In preparation for a proof of Lemma 51, we establish a handful of technical results.

Lemma 52. Under the conditions of Lemma 51,
1 FT
—|[EeZTY| < C.

Proof. Recalling the structure of Z from Equation (110),

1 ~ 1 1 1 1 ~
EIEQ[ZTY]H < JEATY] + o [EMWTY] + 1 [EXTY] + 1 [EYTGTY].

Writing Y = E (L + ¢) as in Equation (170) and using the fact that € is conditionally inde-
pendent of A conditional on X under the latent contagion model, the moment bounds in
Assumption 6 imply

1 5 1 ~
EEG[ZTY]H < C+ —[EXTGTY].
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Again recalling the decomposition of Y from Equation (170) and using the independence
structure of the latent contagion model,

%EQ[ZW]H < C4 By |LTETGTEL| + B, |TETGTE

C ~ 2 C 2

where the second inequality follows from submultiplicativity and Lemma 1. Items 3 and

4 in Assumption 6 then imply

1 7T
LE |2 Y]H <,

as we set out to show. O]

Lemma 53. Under the conditions of Lemma 51,
|Eo (2 - 2Z)" 2| = ocvin).
Proof. Recalling the structure of Z and Z from Equations (129) and (110), respectively,
|Ee (z-2Z)" 2| = |EoYT (G- G)GY|. (171)
Recalling G = D~'A and G = D~'P, adding and subtracting appropriate quantities yields
EgYT (G-G)GY =EyYT (D' -D1)AGY + EjY' D' (A -P)GY
= EsY" (D71 =D 1) AGY,

where the second equality follows from the fact that A — P is mean zero and independent
of £ conditional on X. Rearranging slightly,

EgY' (G- G)GY =EpYT (I- D:]?_l) GGY s (172)
=EgY" (I-DD1) (G -G)GY,
where the second equality follows from the fact that

EoYT (I-DD1)G2Y =0,

again because D — D is mean zero and independent of € conditional on X.
Recalling G = D7!A, adding and subtracting appropriate quantities in Equation (172)
yields

EoYT(G-G)GY = EoYT(I-DD-1)D-1(A-P) Y + EoYT (I-DD-1)* GGY. (173)

Recalling Y = Z(L + ¢) from Equation (170), using the fact that € is mean zero and inde-
pendent of A conditional on X,

E,YT(1-DD-1)’GGY = E, (EL)" (1-DD- 1 GGEL 174)
+ Eo(Be)' (1-DD)’GGEe



Expanding the matrix-vector products,

iy TN-1\2 T uhy sy (i—d)? o
E¢ (EL) (I-DD) GG@L:ZZIEE,(.:.L)Z,—[GG.:,LJ,L]

i=1j=1 d?
n = dy? n L)
< CZIEGHLHOO 7 C nZ]EedT
i=1 i i=1 i

where the first inequality follows from the fact that GGE is a transition matrix up to a
constant and the second inequality follows from Assumption 8. Using Assumption 6 to
ensure that all entries of X and W are bounded almost surely, Equation (32) implies

E,LT (1- DD1)* GGL = o(v71). (175)
Applying the triangle inequality to Equation (174) and using the above bound,
[EsYT (1-DD)’GGY| < [Ege” (1-DD)” GGe| + o(v).

An argument analogous to that leading to Equation (175), this time using Assumption 6
and the fact that € has uncorrelated entries, yields

[Ege™ (1-DD)” GGe = o(vi),

and therefore )
[EeYT (1-DD1)” GGY| = o(viD). (176)

Recalling Equation (170) and using the fact that € is mean zero and independent of
A — P conditional on X,

EoYT(I-DD-)D-1(A-P)GY = E, (EL) (1-DD-1)D-1(A - P) G (EL)

o T . (177)
+Ey(Ee) 1-DD!)D~(A - P)GEe.
Expanding the matrix-vector products,
T e e L —dy) (BL) s
Eq(EL) I-DD)D(A-P)GEL = ZZIEG = “(A-P);(GEL),.

By our conditional edge independence assumptions, we have
Eo|(d; —d)(A—P); | X| = Eg[(A-P)2 | X],
and thus,

(ED),
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where the inequality follows from our assumption in Equation (31) and the fact that &
and GE are both transition matrices, up to multiplicative factors. Applying Item 3 from
Assumption 6 to bound ||L|| < C almost surely, our assumption in Equation (32) implies

[Eg (EL) 1-DD1) D' (A-P)GEL| = o( /).

Applying this to Equation (177),
EsYT(1— DD ) D-1(A-P)GY = Eo(Ze) (I-DD-)D-YA—P) GEe + o(v).  (178)

Since the entries of ¢ are uncorrelated by assumption,
n
Eo(Ee) (1-DD)DYA-P)GEe = 02 ) E,[ET (I-DD-!)D-(A-P)GE]_.
i=

Expanding the matrix products,

~ T ~ 1 . o n o (de—d]-) .
Eo(Ee) (1I-DD-)D-Y(A-P) GEe U€ZEQZ[E]jiT[(A—P)GE]ji
i=1 j=1 7
n.n. (dN_d) e
=02Eg) ) [E; ]d~27 Y (A-P),; [GE],.

Owing to the conditional independence structure of A — P and our assumption in Equa-
tion (31), we have

E [(d} —d;) (A=P),

x] =E[(A-P)5 | X] < Cv,
from which

[Eg(Ze) (1-DD-)D-1(A-P) GEe

where the second inequality follows from the fact that & and GE are both transition ma-
trices, up to multiplicative factors. Applying Equation (32),

[Eg(Ze) (1-DD-)D-(A-P) GEe| = o(vn).
Applying this to Equation (178),
[EsYT(I- DD) D1(A-P)GY| = o(vi). (179)

Applying the triangle inequality in Equation (173) followed by Equations (176) and (179)
completes the proof. O
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Lemma 54. Under the conditions of Lemma 51,
|Ee (z-2)" (2-2)| = o(vm).
Proof. Recalling the structure of Z and Z from Equations (129) and (110), respectively,
|Ee(z-2)" (z-2)| = [EY" (G-G)' (G-G)Y|.

Recalling the definitions of E and L from Equation (170), we have Y = E (L + ¢). Since &
is independent of A conditional on X under the latent contagion model in Equation (5),
we have

EYT(G-G) (G-G)Y=E|(G-&)EL|" + Eo|(G - &) Ee[",
so that N )
|Ee(z-2)" (z-7)| = Eo|(G-G)EL *+ Eo|(G-G) Ee|” (180)
Applying the triangle inequality,
Eo||(G - G) B [D-1(A-P)EL|” + CE, (D1 —-D-1) ABL|>.  (181)

Expanding the norm,

n
Eo[DYA-P)EL|" = ) E,
i=1

Since the entries of A — P are mdependent mean zero conditional on the latent positions,
expanding the square yields

) . (EL)

n n n .
Eo[D1A-P)EL =) ) Ey—(A-P)Z(BL) <Cr, ) ) Ep—7L,
=1j31 4 i=1j=1 d;

where the second inequality follows from Equation (31). Since E is a transition matrix up
to a scaling factor,

— 12 LI
Eo[D~1(A-P)EL| < Cv, ) Eg—jZ ,
i=1 i

and Item 3 from Assumption 6 along with Equation (32) yields

Eo D1 (A - P)EL|” = o(va). (182)

Again using the fact that GE is a transition matrix up to scaling,

_ -1\ ABL =712 S j — U ST RY
Bol(D71 D) AZLS = £, B~ (D~ D) GELI =Y B “—* ) (GEL)

3 ma(222) I

I/\



Using conditional independence of the entries of A — P along with Equation (31),

L1 _T-1) ART < ILII
Eo[(D™' - D) ABL" < Cnvy, ) By
i=1

and Item 3 from Assumption 6 along with Equation (32) yields
E, (D' —D-1) ABL|” = o(vi).
Applying this and Equation (182) to Equation (181),

Eo|(G-G)EL

L = o(v.
Applying this to Equation (180) in turn,

2 ¥ o). (183)

”]E() (Z—Z)T (Z—Z)H < E(;”(G— G’) ~

Expanding the norm, using the independence assumptions of the latent contagion
model, and applying our assumption that the entries of € are uncorrelated,

IE9|| ) Ee

Zxagg [E7(6-8) (G-G)&] <o2E|(G~ G|

Using basic properties of the Frobenius norm and Lemma 1,

Eq||(G - @) Ee| < Co2E, |G - G

Applying the triangle inequality,

~ = 112 ~ —~
Eq|(G - G) Be| < Co?[Eq[D" (A - P} + Eg[ (D~ = D) A[7]. (184)

Expanding the norm, using conditional independence of the edges and Equation (31),

n
~ 1
Eo|[D~1 (A-P)[ = Z Z 3 E[(A-P)1X]<Cny, ) Eo—-
i=1j=1 1 i=1 i
Applying Equation (32),

Eo[D~! (A - P = o(vi). (185)
Using the fact that the rows of G = D™ A sum to 1 and all entries are between 0 and 1,

_ n (d; —d,)?

B (D™~ D) A} = ZIZEe ECE 2 Ee— s

1 ] 1= 1

By conditional independence of the edges along with Equations (31) and (32),

1 s 2 -1
Eol|(D-' =D 1) A[, < Cnvn;Egd—? = o(Vn).
1= 1
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Applying this and Equation (185) to Equation (184),

Eo|(G - @) Be|" = o(vin).

Applying this to Equation (183) completes the proof. O
Lemma 55. Under the conditions of Lemma 51, let ¥ and T be as in Equation (169). Then
|EgZ — EoX|| = o(n~1/2).

Proof. Adding and subtracting appropriate quantities and applying the triangle inequality,
-y 2 T 1 o
|EsE - EoE] < - |Eo (2-2) 2| + - B4 (2-2) (z-2)|.

Applying Lemmas 53 and 54 yields the result. O
Lemma 56. Under the conditions of Lemma 51, E gL is invertible and
-1
|rEez1 | < C.
Proof. By Lemma 55,
|E¢Z — EpZ|| = o(n=1/2).

Combining this with our assumption that E X converges to an invertible matrix completes
the proof. O

Lemma 57. Under the conditions of Lemma 51, Y and X, as defined in Equation (169), are both
invertible and obey

|(BoZ) ™ = (BoE) || = 0(n172).

Proof. By Lemma 56 and Assumption 7, both E4X and EyX are invertible for n suitably
large. Applying submultiplicativity,

|(Bo) ™ = (EoZ) ™| < (B2 ™| | (B6Z) || IE6Z — EoF].
Applying Lemma 56 and Assumption 7 again, it follows that
|(Eez) ™" = (BoE) ™| < C|IBsE — EoF]|.

Applying Lemma 55 completes the proof. O

Proof of Lemma 51. Recalling the definitions from Equation (169),

-1 w1 ZTY 4. ZTY
X] EGT—[EQZ] ]EHT

|Ea[Z7Z] .

Eo[ZTY] - Eg[Z7Z] 'Eq[Z7Y]| = ”[IEG

74



By the triangle inequality, it will suffice for us to show that

N
Z-7)Y
[EQZ]_l EO%H =o(n~1/?) (186)

and ~
7Z'Y

“[(]EGZ)_l - (E9i>_1] Ee—| = o(n=1/2). (187)

To see Equation (187), observe that by submultiplicativity,

]EZ‘TY
4 n

fle0m - ey ]2, Y

7

<[eamy - (2D

from which Lemmas 52 and 57 yield Equation (187).
To see Equation (186), note that submultiplicativity and Lemma 56 imply

|Eo[z72]) " Eq (2 - 2)" Y] < CH%EQ (z-2)'Y

and Lemma 53 yields Equation (186), completing the proof. O

K.2 Projection equivalence under peer contagion

A result analogous to Lemma 51 holds under the peer contagion model. We state the
result here, but omit the details for the sake of space, as the proof largely follows the same
argument as for Lemma 51, with more complicated bookkeeping owing to the dependence
of e on G.

Lemma 58. Under the peer contagion model in Equation (4), suppose that Assumptions 5, 7, 8
and 9 hold. Then

||Eﬁ[ZTZ]_1]Eﬁ[ZTY] — Eﬁ[sz]_lE‘B[zTY]” — 0(71_1/2).
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